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Abstract
The Static Single Information (SSI) form is a compiler intermediate repre-

sentation thatallows efficient sparseimplementationsof predicated analysisand

backwarddataflow algorithms.It possessesseveral attractivegraph-theoretic prop-

ertieswhichaid in programanalysis.An extension to SSI form, SSI+, is also pre-

sented,along with acompleteexecutableabstractsemanticsfor therepresentation.

Applicationsto abstractinterpretation andhardwarecompilationarediscussed.

The SSI form hasbeenimplementedon the FLEX compiler infrastructure,

and it hasbeen usedto implementseveral analysesandoptimizations. Details

on thesepredicated analysis techniquesarepresented, aswell asdatafrom the

practicalimplementation.
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1 Intr oduction

Thispaper introducesacompiler intermediaterepresentation: Static Single Infor-

mation (SSI) form. This IR is the core of the FLEX compiler project, which is

primarily investigating intelligentcompilation techniquesfor distributedsystems.

This thesis,in presenting the IR, attempts to keep both the mathematicianand

the programmer in mind. SSI form has both a rigorousmathematicalsemantics

anda factored form which aidsefficient implementation of advanced analyses.

I believe that it effectively straddles the gap between dataflow-oriented,graph-

structured, andcontrol-flow drivenIRs, while maintaining thesparsity neededto

achieve practicalefficiency. Theconstruction algorithmsare linearin thesizeof

theprogram.

Our discussionof the StaticSingle Information form will be at timestied to

thesourcelanguageof the FLEX compiler, Java. Unlike many abstract IRs, the

choicesmade in the design of SSI form have beendictated by the necessities

of compiling a real-world imperative language. Java, however, hasseveral the-

oreticalproperties that make programanalysis more tractable. In particular, we

mention here Java’s strict constraintson pointervariables.Pointers in earlierlan-

guagessuch asC canbe abusedin many ways thatJavadisallows.

Ultimately, thechoiceof compiler internalrepresentationis fundamental.Ad-

vancesin IRs translate into advancesin compilers. SSI form represents a clean

andsimple unification of many extantideas,andour hopeis thatit will allow the

FLEX compiler to achieve a similar integration of practical implementation and

mathematicalelegance.

2 Context and goals

Strongetal. [40]1 first advocatedtheuseof compiler intermediaterepresentations

in a 1958 committee report. Their idealistic “universal intermediate language”

wascalled UNCOL. Thirty yearslater, theStatic SingleAssignment (SSA) form

1Attribution by Aho [1].
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was introduced by Alpern, Rosen,Wegman and Zadeckas a tool for efficient

optimization in a pair of POPL papers[2, 35], andthreeyearsafter that Cytron

andFerrante joined Rosen,Wegman,andZadeckin explaining how to compute

SSA form efficiently in whathas sincebecomethe“canonical” SSApaper[10].

Johnson and Pingali [20] tracethe developmentof SSA form back to Shapiro

and Saint in [37], while Havlak [17] views
�

-functionsas descendantsof the

“birthpoints” introducedin [34].

Despite industry adoption of SSA form in production compilers [8, 9], aca-

demic researchinto alternative representationscontinues.Recentproposalshave

includedValueDependenceGraphs[45], ProgramDependenceWebs[5], thePro-

gramStructureTree[19], DJgraphs[39], andDepedenceFlow Graphs[20].

In comparisonto these representations, the dominant characteristics of our

Static Single Information form maybesummarizedasfollows:

� It namesinformation units.

� It is complete.

� It is simple.

� It is efficient.

� It hasnoexplicit control dependencies.

� It supports both forwardandreversedataflow analyses.

SSI form is usedasan IR for theFLEX compiler for the Java programming lan-

guage, which informs some of thesedesign decisions. TheFLEX compiler does

deepanalysisandwill support hardware/software co-design. SSI addressesthese

needs,concentrating on analysis ratherthan optimization. We will addresseach

designpoint in turn.

It names information units. SSA form (which we will describe further in

section 4) assignsunique names to uniquestatic values of a variable. However,

it ignoresthe value information which may be addedto a variable at program

branchpoints. SSI form renamesvariableat branchpoints, which allows us to

8



associateuniquenameswith uniqueinformationaboutstatic values. For example,

aprogrammay test thevalueof anintegeragainstzero beforeusingit asadivisor.

After the branchon the tested predicate,it is possible to make statementsabout

values(regarding equality or inequality to zero)which wereimpossible to make

previously. SSIform allowsus to exploit thisadditionalinformation.

It is complete. By this we meanthatthere exists anexecutablesemantics for

theIR thatdoesnot require theuseof informationexternalto theIR. Theoriginal

SSA form—and most derivatives—require useof the original program control

flow graphduring analysis, translation, or direct execution. In fact,
�

-functions

are intimately tiedwith the preciseinput edgestructureof thecontrolflow graph,

andswitchnodes(wherecontrol flow splits)areundecipherablewithoutreferring

to thecontrolflow graph.

In practice,this seems not a great disadvantage—it merelyforcesusto main-

tainamappingof SSAstatementsto nodes(equivalently, basic blocks)of theorig-

inal controlflow graph. But maintaining this correspondencecomplicatesediting

theIR. Also, it complicates the interpretation of theprogramasa setof simulta-

neousequations,whichSSI form will allow usto do. Finally, explicit control flow

maylimit theavailable parallelismof theprogram.

SSI+, as it will be presented in section 7, overcomes thesedifficulties and

presentsa completerepresentation of programmeaning as a setof simultaneous

equations,withoutresort to graph information.

It is simple. A bestiary of new
�

-like functionshave beenintroducedin the

pastdecade,including � -, � -, and 	 -functions in [5, 43], 
 - and � -functionsin

[24], interprocedural
�

-functions in [26], � - and � -functions in [9], � - and 	 -

functions in [14],2 and  -functions in [27], among others.Some of these areor-

thogonal to our work—the techniques of [24] can be usedto extend SSI form

to explicit ly parallel sourcelanguages, andthose of [9] to languages with local

variablealiasing (absentin Java). Ourgoalis to achieveminimal conceptualcom-

plexity in SSI form; that is, to introducethe minimum set of
�

-like functions

necessary to representthe“ interesting” propertiesof thecompiledprogram.

2Compare to [5, 43].
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It isefficient. Construction of SSI formshould befast, andspacerequirements

shouldbereasonable.Theoriginal SSAalgorithms required����������������� ��� �!�" �#�����%$ time.3 This bound was dominatedby the time and spacerequired to

constructthedominancefrontier, as � �&�'� , thesizeof thedominancefrontier, could

be ��� ")( $ for commoncases.Taking thedominant term, we abbreviate thetime

complexity of theCytron’s SSA-construction algorithm as ��� ")( �*$ .
Our algorithms do not require the construction of a dominancefrontier—

building on recentwork on efficient SSA construction in this regard—andrun in

so-called “ linear” time. A moredetailed analysis will begivenin section5.4, but

suffice for now to saythat ourconstructionand analysis algorithmsareefficient.4

All explicit contr ol dependenciesareeliminated. Someresearchers(includ-

ing [4] and[32]) view controldependenceasa fundamentalpropertyof theCFG,

and[5, 4] suggest thataccurate knowledge of control-dependencerelationsis the

sole key to automatic parallelization. Often,incomplete intermediaterepresenta-

tions5 areaugmented with control-dependenceedgesto expressproperprogram

semantics—see[20] onDFGsand[45] onVDGs, for example.

Unfortunately, explicit control-flow edgestendto serialize computation more

thanstrictly necessary. Figure7.1 on page69, for example, containstwo paral-

lel loopswhich would be serializedby the explicit control dependency between

them. Prior work often focusedon fine-grainintra-loopparallelism andignored

this coarserinter-loop parallelism.6 Our objective in this work is to fully util ize

coarseparallelism by removing source-languagecontrol-dependency artifacts.

It is efficient for both forward and backward dataflow analyses. It is often

observed that traditional SSA form cannot handle backward dataflow analysis.

Johnson and Pingali note this, and suggestanticipatability as an example of a

3Seesection 3 for definitions of the variables usedin the complexity bounds of thesetwo

paragraphs.
4Dhamdhere[12] quite correctly statesthat Cytron’s original algorithm hasa worst-casetime

boundof +-,/.1032 . This is also true for our algorithms. However, theseworst-case time boundsare

not tight; wewill presentexperimental evidencethatrun timeson realprogramsare +-,4.52 .
5Seepage9 for our definition of “completeness” in anIR.
6We discussthedataflow-architecturework of Traub[42] in particular in section 7.5.
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backwards dataflow analysis wheretheir dependenceflow graphrepresentation

bettersSSA form [20]. Lo etal.suggest theuseof an “SSU” form to addressmuch

thesameissue[27]. Therearein fact many analyseswhereboth useanddefinition

information is utilized,andwheredataflow in both forwardand reversedirections

occurs. SSI form is able to handle both of thesecases,as we demonstratein

section6.1.

3 Definitions

Wenext providesomedefinitions.Ourcomplexity metricswill usuallybein terms

of thefollowing variables:"
is thenumberof nodesin theprogramcontrolflow graph.Eachnoderepre-

sentseitherasinglestatementor abasicblock;thedifferenceis unimportant

for complexity metrics.

� is the number of edgesin the programcontrol flow graph. For most pro-

grams � is reasonably assumedto be ��� " $ , sincemost nodeshave either

oneor two successors (simple assignments andconditional branches,re-

spectively). Unusualuse of computed-goto andswit ch statements may

invalidate this assumption; but in these cases� is generallya bettermetric

of program“complexity” than
"

. For thisreason,wewill case������$ “lin ear

in programsize”.

� is thenumberof variables in theprogram.

6
is thetotal numberof variable usesin theprogram.

As the transformations we wil l describe split andrename variables, we will use

subscripts to denotethe number of variables,uses, or definitions in a particular

transformed version of a program.For example,
6 ����� is the number of usesin

the SSA form (seesection 4) of a program. Whenit is necessary to explicit ly

denotea metric on theuntransformedprogram,a zero subscript wil l beused; for

example, �87 .
11



Graphswill be directed unlessspecified otherwise. If 9 and : are nodesin

somegraph; , anedgefrom 9 to : iswritten 9=< : . A path 9=>@?A7B< ?DCE< FGFGF�< ?IHJ>K:
is written 9ML< : . A simple path is onein which all thenodes?!N in it aredistinct.

Control-flow graphsareassumedtobeconnected,andtocontainuniqueSTART

andENDnodes marking procedureentry andexit points, respectively. To ensure

thatgraphsrepresenting infinite loopsareconnected,anedgewil l typically exist

between the STARTandENDnodes. The presence of unique STARTandEND

nodesensures that both thedominance and post-dominancerelation define trees

rootedatSTARTandEND, respectively.

For simplicity, we will assumethat every nodein thecontrol-flow graphwith

one successorandonepredecessorcontainsexactly one statement. A node with

nopredecessorsand anodewith nosuccessors(STARTandEND) areempty; they

contain no statements. Nodeswith multiple successors or multiple predecessors

arealsoempty for conventional programrepresentations, butmaycontainmultiple�
- or � -function assignment statementsin theSSA andSSIformswewill discuss.

No nodemay containboth multiple predecessorsandmultiplesuccessors.

Thesymbol O will beusedfor thedataflow “meet” operator. Theoperator P
is thepartial orderingrelation for a lattice, and QSRUT if f QVP=T and QXW>YT .

4 Static SingleAssignment form

Static Single Information (SSI) form derives many featuresfrom Static Single

Assignment(SSA) form, asdescribed by Cytron in [10]. To providecontext for

our definition of SSI form in section 5, wereview SSA form.

4.1 Definition of SSA form

Static Single-Assignmentform is a sparseprogramrepresentation in which each

variablehas exactly onedefinition point. As a consequence,only oneassignment

canreacheachuse, whichmeansthatSSA form canbeviewedasa typeof sparse

def-usechain [1].

12
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jjjj k
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m m m mon

l

false true
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^
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d�uv[fe L ^ qg�w [Shd w [Si L ^ q
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l
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dIxy[{z1\sd w}| d u cg u [{z�\ g q | g w cd�~v[pd x L C/* no further usesof
^
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g

*/

Figure4.1: A simpleprogram(left) andits singleassignmentversion(right).

For straight-line code, the SSA transformation is straightforward: each as-

signmentto a variable is given a unique name (conventionally indicatedby the

useof a subscripted version of the original variable name)and eachuse is re-

namedto matchits reaching definition. Special
�

-functions mustbe insertedat

join points to preserve the single-assignment property. These
�

-functions have

the form � 7�� � ����CA��� ( $ andperform an assignmentaccording to the pathby

which control flow reachesthe
�

-function. Figure4.1 shows a simple program

andits SSA form; the
�

-function : ��� � ��:�CA��: ( $ in theSSA versionon theright

assigns :�� thevalueof :�C if controlflow reachesit alongthefalsebranchof theif

statement. If thetruebranchis taken, :�� wil l get thevalueof : ( at the
�

-function.

Formally, aprogram is saidto bein SSA form if thefollowingthreeconditions

hold:

1. If two nonnull paths9 L< � and : L< � convergeatanode � , andnodes9
and : contain assignments to [a variable] � (in theoriginal program), then

a trivial
�

-function ��� � ������FGF�F��}��$ hasbeen insertedat � (in the new

program).

13



2. Eachmention of � in theoriginal programor in aninserted
�

-function has

beenreplaced by a mention of a new variable �8N , leaving thenew program

in SSA form.

3. Alongany control flow path,considerany useof avariable� (in theoriginal

program) andthe corresponding useof ��N (in the new program). Then �
and �8N have thesamevalue.

This formulation of this definition is due to Cytron et al. [11]. Note that the

definition doesnot prohibit “extra”
�

-functionsnot strictly required by condition

1.

4.2 Mini mal and prunedSSAforms

Cytronet al. [11] definesminimal SSAform asan SSAform using thesmallest

numberof
�

-functionssuchthat the above threeconditionshold. The SSA form

in thepreviousexample (Figure4.1on theprecedingpage)is minimal.

A variation on minimal SSA form, called pruned form, avoids placing
�

-

functionswhichdefinevariableswhich areneverused.The
�

-functionsin pruned

form areasubsetof thosein minimalform,andassuchnotethatprunedform does

not strictly satisfy thegivenSSA criteria. In mostcases,themore regular prop-

ertiesof minimal SSA form outweigh theprunedform’s slight increase in space

efficiency. Choi, Cytron,and Ferrante[7] give a formal definition and construc-

tion algorithmfor prunedSSA.

Figure4.2 on thenext page comparesminimal and prunedSSA form for our

exampleprogram.

5 Static Single Information form

SSI form extendsSSA form to achieve symmetry for both forward andreverse

dataflow. SSI form recognizesthat information about variables is generated at

branchesandgenerates new namesat thesepoints. This providesuswith a one-

to-onemapping between variable namesand information about the variables at

14



Z!qy[]\_^�q�`b (!c
if
Z!q

jump

dIuv[fe L ^ qg�w [phd w [Vi L ^ q
jjjj k

l

jjjj k
m m m mon

m m m mon

l

false true

dIxv[�z1\�d w�| d u cg u [�z1\ g q | g w cd�~�[pd x L C/* no further usesof
^

or
g

* /

ZAqr[]\s^tq8`b (!c
if
ZAq

jump

d�uv[fe L ^ qg�w [Shd w [Si L ^ q
jjjj k

l

jjjj k
m m m mon

m m m mon

l

false true

dIxy[{z1\sd w}| d u cd�~v[pd x L C/* no further usesof
^

or
g

*/

Figure4.2: Minimal (left) andpruned(right)SSAforms.

each point in the program. Analysescan thenassociate information with vari-

ablenamesandpropagatethis information efficiently anddirectly both with and

against thecontrol-flow direction.

5.1 Defini tion of SSI form

BuildingSSI form involvesaddingpseudo-assignments for avariable � :

� � $ atacontrol-flow mergewhen disjoint pathsfrom aconditionalbranchcome

togetherand at leastoneof thepaths contains adefinitionof � ; and

����$ at locationswherecontrol-flow splits and at leastoneof thedisjoint paths

from thesplit uses thevalueof � .

Figure 5.1 on the following page compares the SSA andSSI forms for the

exampleof Figure4.1.Notethat 9 is renamedat theconditionalbranch, allowing

thecompiler to distinguish between9-C (which is alwaystheconstant 2) from 9 (
(which is neverequalto 2).
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jump
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Figure5.1: A comparison of SSA (left) andSSI (right) forms.

Formally, aprogramtransformationto SSIform satisfiesthefollowing condi-

tions:

1. If two nonnull paths9 L< � and : L< � exist having only thenode� where

they converge in common, andnodes9 and : containeitherassignments

to a variable � in the original program or a
�

- or � -function for � in the

new program, thena
�

-function for � hasbeeninsertedat � in the new

program. [Placement of
�

-functions.]

2. If two nonnull paths � L< 9 and � L< : exist having only the node �
where they divergein common,andnodes 9 and : containeitherusesof a

variable � in the original programor a
�

- or � -function for � in the new

program, thena � -function for � hasbeeninsertedat � in thenew program.

[Placementof � -functions.]

3. For everynode 9 containing adefinition of avariable � in thenew program

andnode : containing a useof that variable,there exists at leastone path
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9 L<�: andno suchpath containsadefinition of � otherthan at 9 . [Naming

after
�

-functions.]

4. For every pair of nodes 9 and : containing uses of a variable � definedat

node � in the new program, eitherevery path � L< 9 must contain : or

everypath � L<�: mustcontain 9 . [Namingafter � -functions.]

5. For thepurposesof thisdefinition, theSTARTnodeisassumedto contain a

definitionandtheENDnodeausefor everyvariable in theoriginalprogram.

[Boundaryconditions.]

6. Alongany possiblecontrol-flow pathin aprogrambeingexecutedconsider

any useof avariable � in theoriginalprogramandthecorrespondinguseof��N in thenew program. Then, at every occuranceof theuseon thepath, �
and ��N havethesamevalue.Thepathneednot becycle-free.[Correctness.]

As with the SSA conditions, this definition doesnot prohibit “extra”
�

- or� -functionsnot required by conditions 1 and2.

Property 5.1. There exists exactlyonereaching definition of � at everynon-
�

-

function useof � in thenew program.

Proof. Offner [29] definesa reachingdefinition asfollows:

A definition of a variable � reachesthe point � in the program iff

thereis a pathfrom the definition to � on which.. . there is no other

definitionof � . . . .

Fromthis definition andcondition 3 we directly obtain theproperty.

Note that condition 3 and this property do not require there to be exactly

one definition of any variable � , just that at every use only a single definition

is relevant. Therenaming algorithm we will present enforces thestricter single-

definitionconstraint.
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Property 5.2. Everycycle-freepath � L< : from theSTART nodeto a node :
containing a non-

�
-function useof a variable must contain exactly one node 9

defining that variable in the new program. Likewise, every path 9 L< � from a

node 9 containinga non- � -function definition of a variable to theEND nodemust

contain every node : which is a useof thatvariable in the new program.

Proof. Let us call the variable� . Conditions5 and6 ensure that thereexists at

leastonedefinition node 9 for � from which : is reachable—conditions5 and 6

substitute the STARTnode, from which every node is reachable,for any useof� not reachableby someotherdefinition in theoriginal program.So assumethis

definition node 9 exists, but is not on thepath � L< : . Then 9 L< : and � L< :
musthave someearliestnode

"
in common. But

"
mustthen have a

�
-function

for � by condition 1, which violates either our choice of : asa non-
�

-function

use (if
" >�: ) or elsecondition 3 which prohibits definitionsotherthanat 9 . If� L<�: containsmorethanonenode9EN defining � , thenthepath 9#7 L<�: between

the first and : alsoviolatescondition 3. So � L< : must contain exactly one

definition 9 of � .

Thesecondpart issymmetric. Assumethereexistssomenode : using � which

isnotcontainedon somepath 9 L< � . Thepath 9 L<�: mustexist by conditions3

and 5. And 9 L< � and 9 L< : must have somefinal node
"

in common,

which must have a � -function for � by condition 2. Thecase
" >�9 violatesthe

choiceof 9 asanon- � -functiondefinition. But if
" W>K9 , thencondition 3, which

prohibits pathswith multiple definitions,is violated. Thus 9 L< � must contain

everyuse of � .

Property 5.3. Everydefinitionof a variable � dominatesall non-
�

-function uses

of � andeveryuseof � post-dominatesanynon-� -function reachingdefinition of� in thenew program.

Proof. Thedominancerelation is definedin Offner [29] as:

If Q andT aretwo elements in aflow graph ; , then Q dominates T ( Q
is adominator of T ) if f everypathfrom ? [START] to T includesQ .
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Post-dominanceisthedualonaflow graphwith edgesreversed: Q post-dominatesT if f everypathfrom END to T includesQ .

Thepreviousproperty showedthateverypath fromSTARTtoanon-
�

-function

usecontained auniquedefinition node 9 . If two pathsfrom STARTto : contained

differentdefinition nodes9#N , then : would be a
�

-function, which it was chosen

notto be. So every non-
�

-function useis dominatedby thesingledefinition node.

Likewise the previous propertyshowed that every path from a non- � -function

definition to ENDmust include every use; thereforeevery usepost-dominates a

non-� -function definition.

5.2 Min imal and pruned SSI forms

Minimal andprunedSSIformscanbedefinedwhich paralleltheir SSAcounter-

parts.Minimal SSIform would have thesmallest numberof
�

- and � -functions

suchthat the above conditions are satisfied. PrunedSSI form is the minimal

form with any unused
�

- and � -functions deleted;that is, it contains no
�

- or � -

functionsafterwhichthereareno subsequent non-
�

- or � -functionusesof any of

thevariablesdefinedontheleft-hand side.7 Figure5.2on thenext pagecompares

minimal andprunedSSIform for ourexampleprogram.

Note that, asin SSA form, pruned SSI doesnot strictly satisfy the SSI con-

straintsbecauseit omitsdead
�

- and � -functionsotherwiserequiredby conditions

1 and2 of thedefinition. In practice,a subtractive definition of pruned form —

generate minimal form andthen removed the unused
�

- and � -functions — is

most useful, but a constructive definition canbegeneratedfrom thestandardSSI

form definition asfollows:

1. Theconvergence/divergencenode � of conditions1 and2 must alsosatisfy:

“and thereexistsa path from � L< 6
to a

6
, a useof � in the original

program,whichdoesnotcontainanotherdefinition of � .”

7An evenmorecompact SSIform may beproducedby removing   -functionsfor which there

areusesfor exactlyoneof the variableson the left-handside, but by doing so one loses theability

to perform renaming at control-flow splitswhich generateadditionalvalue information.
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Figure5.2: Minimal (left) andpruned(right)SSIforms.

2. The boundary condition 5 at END can be loosenedas follows (emphasis

indicatesmodifications): “For the purposesof this definition, the START

node is assumed to contain a definition for every variable in the original

program and the ENDnodes a use for every variable live at END in the

originalprogram.”

Prunedform is defined ashaving theminimal set of
�

- and � -functions that

satisfy the amendedconditions. It caneasily be verified that the modifications

suffice to eliminateunused
�

- and � -functions: if the variabledefinedin a
�

- or� -function is used, theremustexist a path �ML< 6
asmandatedby amendment1,

where amendment 2 lets
6 > END for variableslive exiting the procedureand

thususefully defined.

Property 5.4. A node � getsa
�

- or � -function for somevariable ��N in pruned

SSI formonly if thecorresponding variable � is liveat � in theoriginal program.

Proof. This isa trivial restatementof amendment1. A variable � is said to belive

at somenode
"

if there existsa node
6

using � anda path
" L< 6

on which no
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definitionsof � areto befound.If � isnot liveat � thennopath � L< 6
satisfying

theamendedconditions 1 and 2 canbe foundand neither a
�

- or � -function can

beplaced.Amendment2 ensuresthis holdstrueatboundaries.

5.3 Fast construction of SSI form

The most common construction algorithm for SSA form [11] usesdominance

frontiersandsuffers from a possible quadraticblow-up in the sizeof the dom-

inancefrontier for certaincommon programming constructs. Variousimproved

algorithmsusesuchthings asDJgraphs [38] andthedependenceflow graph[20]

to achieve �����v�*$ time complexity for
�

-function placement. We build on this

work to achieve �����v��$ construction of SSI form, andpresent a new algorithm

for variable renaming in SSI form after
�

- and � -functionsareplaced.

Our construction algorithm begins with a program structuretree of single-

entrysingle-exit (SESE)regions, constructedasdescribedby Johnson, Pearson,

andPingali [19]. We will review thealgorithms involved,astheir publishedde-

scriptions[18] containanumberof errors.

Webegin with a few definitions from [19].

Definition 5.1. Edges ¢ and £ are said to beedgecycle-equivalent in a graph

iff everycyclecontaining ¢ contains £ , and vice-versa. Similarly, two nodes are

said to be node cycle-equivalent iff every cycle containing one of the nodesalso

containstheother.

Definition 5.2. A SESE region in a graph ; is an ordered edge pair ¤�¢��}£�¥ of

distinct control flow edges ¢ and £ where

1. ¢ dominates £ ,

2. £ postdominates ¢ , and

3. everycyclecontaining ¢ alsocontains £ andvice-versa.

Edges ¢ and £ arecalled theentry and exit edges,respectively.

Definition 5.3. A SESEregion ¤�¢��}£¦¥ is canonicalprovided
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1. £ dominates£E§ for anySESEregion ¤�¢¦��£#§/¥ , and

2. ¢ postdominates ¢ § for anySESEregion ¤�¢ § �}£�¥ .
Wewill givetimeboundsin termsof

"
and � , thenumberof nodesandedges

of the control-flow graph, respectively. Placementof
�

- and � -functions is also

dependent on � , the number of variablesin the program. SinceSSI renaming

increasesthenumberof variables, wewill use�87 and ������¨ to indicatethenumber

of variablesin theoriginalprogram andSSI form, respectively.

Note that � is ��� " $ at most, sinceour representation only allows a constant

numberof variabledefinitionspernode. Typically �87 will be muchsmaller than"
, but ������¨ neednot be. Also � maybeaslarge as ��� "�( $ , but in mostcontrol-

flow graphsis ��� " $ instead, asnodearitiesaretypically limitedby aconstant.

5.3.1 Cycle-equivalency

The identificationof SESEregionsbeginsby computing thecycle-equivalency of

the edgesin the programcontrol flow graph. The cycle-equivalency algorithm

works on undirectedgraphs,so we preparethe directedcontrol flow graph ; as

follows:

1. Add an edgefrom END to START in G. It is commonpractice to addan

edge from STARTto END in orderto root thecontrol dependence graph at

START [10]. However, our goal is not rooted control dependencebut to

make the control flow graphinto a single strongly connectedcomponent;

for this reasonthedirection of theedgeis from ENDto START instead.

2. Create an equivalent undir ected graph. Johnsonet al. prove that the

node expansion illustratedin Figure 5.3 on the facing pageresults in an

undirectedgraphwith thesamecycle-equivalency propertiesastheoriginal

directedgraph.Moreprecisely, nodes¢ and£ in directedgraph; arecycle-

equivalentif and only if nodes ¢�§ and £E§ arecycle-equivalentin transformed

undirectedgraph ; § . The nodes©�N and ©«ª generated by theexpansion are

termednot representative; thenode © § in ; § is saidto be representativeof
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Figure5.3: Transformation from directedto undirectedgraph(from [18]).

node © in ; . Obviously, this correspondencemust berecordedduring the

transformation sowe mayproperly attribute thecycle-equivalency proper-

tiesof ©¸§ to © later.

3. Perform a pre-order numbering of nodes in G § . This is done with a

simple depth-first search of ; § . Whenwe visit a node ¢�N or ¢¹ª , we prefer

to visit ¢�§ beforeany otherneighbor. Thisensuresthatrepresentativenodes

areinteriornodesin theDFSspanning tree. TheSTARTnodeis numbered

0, andsucceedingnodesin the traversal getincreasing numbers.Thuslow-

numbered nodesareclosest to START andwe will call them“highest” in

theDFSspanning tree.

Theabove stepsform anundirectedgraph ; § from thecontrol-flow graph ; .

Theremainder of thecycle-equivalency algorithm is presentedas Algorithm 5.1

onpage25, with theaboveprocedurecorresponding to thestatement G’: =Pre proce ss(G ) .

The algorithm hasbeencorrectedfrom the published versionin [18]; in addi-

tion it hasbeenextended to compute both nodeandedgeequivalencies(in effect,

merging the algorithm of [19]). Lines modified from the presentation in [18]

are indicatedin the figure with a vertical bar in the left margin. The datatype

Bra cketL ist andthenodeandedgepropertiesusedin the algorithm arede-

scribedin Figure5.4 on the following page.Theinterestedreader is encouraged

to consult [18] for additional detail on thesedatastructuresandrepresentations.

Figure5.5 on page26 shows cycle-equivalent regions in a simple control-flow

23



Data typeBr ack et Li st :

create(): BracketList : Makean empty BracketList structure

size(bl:BracketList): integer : Number of elements in BracketList structure

push(bl:BracketList, e:bracket): BracketList : Pushe on top of bl
top(bl:Bra cketList): bracket : Topmostbracket in bl
delete(bl:BracketList, e:bracket): BracketList : Deletee frombl
concat(bl1,bl2:BracketList ): BracketList : Concatenatebl1 and bl2

Operationson nodes:

Number(n:node): integer : DFSpreordernumber of node

NQClass(n:node):integer : Cycle-equivalency classof node

BList(n:node): BracketList : List of bracketsof node

Hi(n:node): integer : Highest destination nodeof any edge originating from a descen-
dant of noden

Operationson edges:

EQClass(e:node): integer : Cycle-equivalency classof edge

RecentSize(e:edge): integer : Sizeof bracket setwhen ewasmostrecently the topmost
bracketfor a representativenode

RecentClass(e:edge): integer : Cycle-equivalency class number of representative node
for whichewasmost recently thetopmostbracket.

Figure5.4: Datatypesandoperationsfor the cycle-equivalency algorithm.
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Pr ocedure cyc le _equiv (G: CFG)
{

/* Prep ro cess in g */
G’ : = Pre pr ocess (G) ; /* descri bed in t ext * /

/* Comput e CD equiva le nce cl ass es * /
fo r eac h node n of G’, i n re ver se depth -fi rs t or der, do {

/* Comput e Hi (n ) * /
/* hi0 i s hi ghest usi ng back edges only */
hi 0 : = mi n{ Number (t ) | (t ,n) i s a backe dge };
/* hi1 i s hi ghest t hr ough ch il dr en * /
hi 1 : = mi n{ Hi( c) | c is a ch il d of n };

| /* hi2 i s lo west th ro ugh chi ld re n */
| hi 2 : = max{ Hi( c) | c is a ch il d of n };

Hi (n) : = mi n{ hi0, hi1 } ;

/* Comput e BLis t(n ) */
BList (n ) := cre ate ( );

fo r each ch il d c of n, do
BLi st (n ) := conc at ( BLis t(n ), BLi st (c) );

fo r each back edge <d, n> f rom a descendant d of n t o n, do
BLi st (n ) := dele te ( BLis t(n ), <d, n>);

| fo r each cappin g backedge <d, n> of n, do
| BLi st (n ) := dele te ( BLis t(n ), <d, n>);

fo r each back edge <n, a> f rom n t o an ancest or a of n, do {
BLi st (n ) := push ( BLis t( n), <n, a>)
RecentS iz e( <n, a>) : = -1 ; / * not a rep re sent at ive node */

}

if n has more t han one chi ld, t hen {
BLi st (n ) := push ( BLis t( n), <n, hi2 >); / * capping backedge * /

| RecentS iz e( <n, hi2 >) : = -1;
| add <n, hi2 > to cappin g bac kedges l ist of hi 2;

}

/* Comput e NQCl ass ( n) * /
if n is a r epre sen ta ti ve node , th en {

if Recent Si ze (t op ( BLis t(n )) ) != size ( BLis t( n)) , th en {
/ * st ar t a new equiv al enc e cl ass */
RecentS iz e (to p (B Li st (n) )) : = si ze (B Li st (n ));
RecentC la ss (t op ( BLis t(n )) ) := new- cl ass- name();

}
NQCla ss ( n) : = RecentC la ss (t op ( Bl ist (n )) );

}
} /* fo r each node * /

}

Algorithm5.1: Thecycle-equivalency algorithm(correctedfrom [18]).
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Figure5.5: Control flow graphand cycle-equivalent edges.

graph.We usethenotation ¤}¢��}£¦¥BÊ¸Ë�Í&¤ÓÛ �GÜ¹¥ to indicatethat theCFG edge from

node ¢ to node£ is edgecycle-equivalentto theedgefrom node Û to node Ü .

Calculating cycle-equivalent regions is basedon a single reversedepth-first

traversal of ; , soaslongasall datatypeoperationsin Figure5.4canbecompleted

in constant time(and [18] showshow to doso),this computation is ������$ .
5.3.2 SESE regionsand the program structur e tr ee

Johnson,Pearson, and Pingali show how to constructa treestructureof nested

SESEregionsfromthecycle-equivalency informationin [19]. Thecycle-equivalent

regionsaresortedby dominanceusing a simple depth-first traversalof thegraph,

andthencanonicalSESEregionsarefoundby takingadjacentpairsof edgesfrom

the cycle-equivalenceclasses.Another depth-first search of the CFG sufficesto

obtain to nesting of theseregions,which is represented in a data structure called

the program structure tree. The algorithm anddatastructuresrequiredare pre-

sented in Figure5.6 and Algorithm 5.2. Figure5.7 on page29 shows theSESE
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DatatypeEdgeList :

size(el:EdgeList): integer : Numberof elementsin EdgeList structure

head(el:EdgeList): edge : Firstedge in el
tail(el:EdgeList): EdgeList : EdgeList li keel but missing first element

append(el:Bra cketList, e:edge): EdgeList : Add e to theendof el

DatatypeRegio n:

NewRegion(e1:edge, e2:edge): Region : Createsanew regionwith entry e1andexit e2
and noparent

Entry(r:Region): Edge : Theentry edgeof r
Exit (r: Region): Edge : Theexit edgeof r
Parent(r:Region): Region : Theparent of r , or nil if none

Nodes(r:Region): NodeList : A list of nodes in r
Link Region(r1,r2:Region): void : Sets theparent of r2 to be r1

Operationsonnodes:

Mar k(n:node): boolean : Visited statusduring DFS

SESE(n:node): Region : Thecanonical SESEof n

Operationsonedges:

EntryRegion(e:edge): Region : the region with entry e, or nil if noneexists

ExitRegion(e:edge): Region : theregion with exit e, or ni l if noneexists

Figure5.6: Datatypesandoperationsusedin constructionof the PST.
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NestedSESE( Ý : CFG) =
1: /* initialize */
2: for all nodes Þ of Ý do
3: Mark ß/Þ«àvá f al se
4: for all edges â of Ý do
5: EntryRegionß�â�à�á ni l
6: ExitRegion ß�â¡àvá nil
7:
8: /* orderedgeswithin cycle-equivalency classesby dominance * /
9: for each edge â of Ý in depth firstorderdo

10: CQList ß EQClassß�â�à�àvá append ß CQListß EQClassß�â�àÑàÑã}â¡à
11: /* get all canonicalSESEregions * /
12: for all equivalency classes ä do
13: å�á CQList ßÓä'à
14: while sizeß�å}à�æ]ç do
15: è-á NewRegion ß headß°å}àÑã headß tail ß°å�à�à�à
16: EntryRegion ß Entry ß4è�àÑàváéè
17: ExitRegion ß Exit ß4è�àÑàváêè
18: /* determinepropernestingof SESE regions */
19: VisitNodeß START ã to p- re gi on à
VisitNode(Þ : node, è : Region)=
1: if Mark ß4Þ�àyë f al se then
2: Mark ß/Þ«àvá t ru e
3: /* recordmapping from Þ to è */
4: SESEßìÞ�à�áêè
5: Nodesßíè3à�á append ß Nodesß4è�àÑã�Þ1à
6:
7: for each edge î4Þ1ã�Þ §/ï from Þ to Þ § do
8: è C á EntryRegion ßðîìÞ1ã�Þ § ï à
9: è ( á ExitRegionßðî4Þ«ã�Þ § ï à

10: if è1ë�èGC or è1ë{è ( then
11: è!ñ�á Parent ßíè3à /* exitingcurrent region * /
12: else
13: è ñ áêè
14: if è�C-òë nil and è�C-òë{è then
15: LinkRegion ß4èAñ1ãÓè3CIà /* enteringnew region */
16: è ñ áêè C
17: if è ( òë nil and è ( òë{è then
18: LinkRegion ß4èAñ1ãÓè ( à /* enteringnew region */
19: è!ñ�áêè (
20: VisitNodeß4Þ § ãÓè!ñ1à

Algorithm5.2: Computingnested SESEregionsand thePST.

28



ó
ô
õ
ö

÷
ø

ù
ú

û

ü

º
2

º
9º

3

º
4

º
5

º
6º

7º
8 º

16

º
10

º
11

º
12

º
13º
14º
15

º
1

»

¼
½

¾ð¿ ¿ ¿ ¿ ÀÁÁÁÁ Â
¾ ¾

¾
¾¾

¾

¾

ÃÃ ÄÅ Å}Æ
ÃÃ Ä Å Å}Æ Å Å}Æ ÃÃ Ä

ÃÃ Ä Å Å}Æ

¿ ¿ ¿ ¿ À ÁÁÁÁ Â

Ç

È

ý

þ

ÿ

�

ýþ ÿ�
ý

þ

ÿ

�
ýþ ÿ�ýþ ÿ�

ýþ ÿ�

ý

þ

ÿ

�
ýþ ÿ�
ýþ ÿ�

ý

þ

ÿ

�
START

END

� � � � �
� � � � � � � � �
� � �

����

��� � � �

��� � � �

�
�
	


Ë�
� 

N �

Figure5.7: SESE regionsandPST for theCFGof Figure5.5(from [19]).

regionson theleft and program structuretreeon theright for theexample of Fig-

ure5.5onpage26.8

Thetime complexity for constructing the PST is easilyseento be ������$ . Al-

gorithm5.2onthefacingpagebeginswith adepthfirst traversalof ; to construct

anordered edgelist for eachcycle-equivalent region; thetraversalis ���Ô�#$ and the

list-appendoperation canbe done in constanttime. We then iteratethroughthe

cycle-equivalence classesandthe edgelists of eachconstructing SESE regions.

No edge can beon morethanonelist, so this stepis ���Ô�#$ . Finally, we do a final������$ depth-first traversalof ; , performing theconstant-timeoperationsappe nd

andLinkRe gion . Al l stepsare ������$ and their sequential composition is also������$ .
5.3.3 Placing

�
- and � -functions

8In addition, the regions ��������� and ����� aresequentially composed[19]. However, our SSI

construction algorithm doesn’t usethisproperty.
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Place( Ý : CFG) =
1: let è bethetop-level region for Ý
2: for each variable � in Ý do
3: PlaceOne( è , � , fa ls e) /* placephis */
4: PlaceOne( è , � , tr ue) /* placesigmas* /

PlaceOne(è : region, � : variable, ��� : boolean): boolean =
1: /* Post-order traversal * /
2: flag á false
3: for each child region è § do
4: if PlaceOne( è § , � , ��� ) then
5: flag á true
6:
7: for each node Þ in region è not contained in a child region do
8: if ��� is f al se and Þ containsadefinitionof � then
9: flag á true

10: if ��� is t ru e and Þ containsauseof � then
11: flag á true
12:
13: /* add phis/sigmas to merges/splits where � may belive */
14: if flag= true then
15: for each node Þ in region è not contained in achild region do
16: if MaybeLive(� , Þ ) = truethen
17: if ��� is fal se and the input arity of Þ exceeds1 then
18: placea phi function for � at Þ
19: if ��� is tru e and theoutput arity of Þ exceeds1 then
20: placea sigma function for � at Þ
21:
22: return flag

Algorithm5.3: Placing
�

- and � -functions.
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As with the presentation of SSA form in [11], we split construction of SSI

form into two parts: placing
�

- and � -functions and renaming variables. The

placementalgorithm runsin ��� " �87�$ time,and is presentedasAlgorithm 5.3on

thepreceding page. No new node propertiesor datatypes are required;however,

it is parameterizedon a function called MaybeLive . For minimal SSI form,

MaybeLiv e should alwaysreturn true . Fasterpractical run-time may beob-

tainedif pruned SSI form is thedesired goalby allowing MaybeLiv e to return

any conservativeapproximationof variable livenessinformation,whichwill allow

early suppressionof unused
�

- and � -functions. Notethat MaybeLiv e neednot

beprecise;conservativevalueswil l only resultin anexcessof
�

- and � -functions,

not an invalid SSI form. Section 5.3.6describesa post-processing algorithm to

efficiently remove the excess
�

- and � -functions.9 Theremainder of this section

wil l bedevotedto acorrectnessproofof Algorithm5.3.

Lemma5.1. No � -functions(  -functions)for avariable ! areneededin anSESE

regionnot containinga definition (use)of ! .

Proof. Let usassumea � -function for ! is neededatsomenode " insideanSESE

not containing a definition of ! . Thenby condition 1 of theSSI form definition,

thereexist paths #%$& " and '($& " having no nodesbut " in common where #
and ' containeitherdefinitionsof ! or � - or  -functionsfor ! . Choose any such

paths:

CaseI: Both # and ' areoutside theSESE.Then,as there is only oneentrance

edgeinto theSESE, thepaths # $& " and ' $& " mustcontainsome node

in commonother thanZ. But this contradictsour choiceof # and ' .

CaseII : At leastoneof # and ' mustbe inside the SESE. If both # and ' are

not definitionsof ! but rather � - or  -functions for ! , then by recursive

application of this proof theremustexist some choice of # , ' , and " inside

9Note that equivalentresults could be obtainedby adding a ) -function for every variable at

every merge and a * -function for every variable at every split, and post-processing. In fact the

sametime bounds ( +-,/.1032�4 ) would be obtained. There is a large practicaldif ference in actual

runtimeandspacecosts,however, whichmotivatesour more efficient approach.
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this SESEwhere at leastoneof # and ' is a definition. But # or ' cannot

beadefinition of ! becausethey areinsidetheSESEof " which waschosen

to containnodefinitionsof ! .

A symmetric argument holds for  -functions for ! , using condition 2 of the

SSI form definition,andthefact that thereexistsoneexit edgefromtheSESE.

The above lemma justifies line 14 of the algorithm on page 30, which skips

over any SESE region not containing a definition (use)of ! when placing � -

functions(  -functions)for ! .

Lemma 5.2. If a definition (use)or a � - or  -function for a variable ! is present

at somenode 5 ( 6 ), thena � -function (  -function)for ! is neededat everynode7
:

1. of input (output)arity greater than1,

2. reachablefrom 5 (fromwhich 6 is reachable),

3. whose smallest enclosingSESE contains 5 ( 6 ), and

4. which is not dominatedby 5 (not post-dominatedby 6 ).

Proof. Wewil l firstprovethatanode
7

failing any oneof theconditionsdoesnot

needa � - or  -function.

8 Conditions1 and2 of theSSI form definition requirenode
7

to bethefirst

convergence (divergence)of somepaths# $& 7
and ' $& 7

(
7 $& # and7 $& ' ). If theinputarity is less than 2 or thereis nopathfromadefinition

of ! , thanit fails the � -placementcriterion1. If theoutputarity is lessthan

2 or thereis no pathto auseof ! , then it fails the  -placementcriterion 2.

8 If thereexistsaSESEcontaining
7

thatdoesnotcontainany definition, � -

or  -function 5 for ! , then
7

doesnot require a � - or  -function for ! by

lemma5.1.
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8 Let us supposeevery 5:9 containing a definition, � - or  -function for !
dominates

7
. If

7
requiresa � -function for ! , thereexist paths5<; $& 7

and 5>= $& 7
containing no nodesin commonbut

7
. We usethesepaths

to constructsimple pathsSTART $& 5<; $& 7
and START $& 5>= $&7

. By the definition of a dominator, every pathfrom START to
7

must

contain every 5>9 . But 5<;?$& 7
cannotcontain 5>= , andif START $& 5@;

contains 5>= , we canmake a pathSTART $& 5A=($& 7
which doesnot

contain 5@; by using the 5@; -freepath 5A=?$& 7
. Theassumption leadsto a

contradiction; thus,there mustexist some 5>9 which doesnot dominate
7

if
7

is requiredto have a � -function for ! . Thesymmetricargumentholds

for post-dominanceand  -functions.

This provesthat theconditionsarenecessary. It is obviousfrom anexamination

of conditions 1 and 2 of the SSI form definition and lemma 5.1 that they are

sufficient.

In practice, the conditions of lemma 5.2 are too expensive to implementdi-

rectly. Instead,weuseaconservativeapproximation to SSI form, whichallowsus

to placemore � - and  -functionsthanminimal SSI requires(for example, a � -

function for ! at thecirclednodein Figure5.8),whilesatisfying theconditionsof

theSSIform definition. Ouralgorithmalsoallowsusto dopre-pruningof theSSI

form duringplacement. The resultis not prunedSSI, but containsa tight superset

of the � - and  -functionsthatprunedform requires.

Theorem 5.1. Algorithm5.3 places all the � - and  -functions required by con-

ditions1 and2 of theSSIform definition.

Proof. Lemma5.1statesthatthechild region exclusionof Algorithm5.3 doesnot

causerequired � - or  -functionsto beomitted. Property 5.4allows theomission

of � - and  -functionsfor ! at nodes where ! is dead whencreating prunedform;

MaybeLiv e may not return f alse for nodes where ! is not dead,but may

return tru e at nodeswhere ! is deadwithoutharming thecorrectnessof the � -

and  -functionplacement.
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Figure5.8: An flowgraphwhereAlgorithm 5.3places� -functionsconservatively.

5.3.4 Computing liveness

Incorporating livenessinformation into the creation of prunedSSI form appears

to lead to a chicken-and-egg problem: although the prunedSSI framework al-

lows highly efficient livenessanalysis, obtaining the livenessinformation from

theoriginal programcan beproblematic. Thefastestsparse algorithm hasstated

timeboundsof RTSNUWV 7 =YX [7], which is likely to bemoreexpensive than therest

of theSSIform conversion. Luckily, Kam andUllman [21], in conjunction with

anempirical study by Knuth [23], show that livenessanalysis is highly likely to

be linear for reducible flow-graphs.In our work this question is avoided,aswe

obtainour livenessinformationdirectly from propertiesof theJavabytecodefiles

thatareour input to thecompiler. But in any caseour algorithmsallow conserva-

tiveapproximation to liveness,soevenin thecaseof non-reducibleflow graphsit

shouldnot be difficult to quickly generatea roughapproximation.

5.3.5 Variable renaming

Algorithm5.4performsvariablerenaming on aflow-graphwith placed � - and

 -functions in a single depth-first traversal. Whenthealgorithm is complete,the

control flow-graphwil l be in proper SSI form. Thevariable renaming algorithm

requiresan Enviro nment datatype which is defined in Figure5.9. Using an

imperative programming style, it is possible to perform a sequenceof any
7

op-
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DatatypeEnv ir onment :

create(): Envir onment :
makeanenvironment with no mappings.

put( Z : Envir onment, [Q; : variable, [\= : variable) :
extend environment Z with amapping from [Q; to [\= .

get(Z : Envir onment, [ : variable): variable :
return thecurrent mapping in Z for [ .

beginScope( Z : Envir onment) :
save thecurrent mapping of Z for later restoration.

endScope( Z : Environment) :
restore themapping of Z to that present at thelastbegi nScope on Z .

Figure5.9: Environmentdatatypefor the SSIrenaming algorithm.

Rename(] : CFG) =
1: Init ^_]a`
2: for eachedge b leaving STARTdo
3: SearcĥNbY`

Init( ] : CFG) =
1: for eachedge b in ] do
2: Markedcdb�e3f f al se
3: for eachvariable g in ] do
4: hi^/gj`�flk
5: Znm creatê_` /* createanew environment */

Inc(Z : Environment, g : variable): variable=
1: opfqhi^/gr`tsvu
2: hi^w[x`�fyo
3: Z{z put ^|g~}_g�9�`
4: retur n g~9

Algorithm5.4: SSI renaming algorithm.

35



Search( �N��}��t� : edge)=
Requir e: � to beanodecontaining � - or � -functions,or START
Requir e: Markedc�����}�����exm f als e
1: Marked c�����}��t�Ne�f tru e
2: beginScopê/Zp`
3: if � is anodecontaining � -functions then
4: for each � -function � in � do
5: replacethedestination g of � by Inc ^/Zp}_gj`
6: elseif � is anodecontaining � -functions then
7: for each � -function � in � do
8: ��f WhichSucĉ����Y}�����`
9: replacethe � -th destination g of � by Inĉ|Zp}_gr`

10: loop /* now rename insidebasic block */
11: if � is a nodecontaining � -functions then
12: for each � -function � in � do
13: ��f WhichPred̂�����}�����`
14: replacethe � -th operand g of � by get̂|Z�}_gj`
15: break /* end of basic block */
16: elseif � is anodecontaining � -functionsthen
17: for each � -function � in � do
18: replacetheoperand g of � by get̂/Z�}_gr`
19: break /* end of basic block */
20: /* ordinaryassignment, atmost onesuccessor */
21: for each variable g in �Q�j��^_�x` do
22: replace g by get ^/Z�}�gj` in �Q���3^O��`
23: for each variable g in �t���3^O��` do
24: replace g by Inc ^/Z�}�gj` in ������^���`
25: if � hasnosuccessor then
26: break /* end of basic block */
27: �-fq�
28: �>f successor of �
29: end loop
30: for each successor � of � do
31: if not Marked cw�_�3}N�M��e then
32: Searcĥ��_�3}N�M��` /* dfs recursion * /
33: endScopê/Z{`
34: return

Algorithm5.5: SSI renaming algorithm, cont.
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erationsonEnviro nment asdefinedin thefigurein RTS 7 X time;in a functional

programming style any
7

operationscan becompletedin RTS 7 log
7 X time.10 As

thecoarsestructureof Algorithm5.4is asimpledepth-first search,it iseasyto see

thattheSearch procedurecanbe invokedfromline3 on page35andline 32on

page36 a total of RTS�U X times;likewiseits innerloop(lines 10 to 29) canbeexe-

cutedatotal of U timesacrossall invocationsof Search . A totalof 6�������VT5������
calls to theoperationsof theEnvir onment datatypewill bemadewithin all ex-

ecutions of Searc h. For the imperative implementation of Envir onment a

total timeboundsof RTS�U>V 6�������V¡5¢����� X for thevariable renaming algorithm is

obtained.

We have shown thatAlgorithm 5.3placesall the required� - and  -functions

in the control-flow graphaccordingto SSI form conditions 1, 2, and5; we wil l

now show that this algorithm renamesvariablesconsistentwith conditions3 and

4 to prove that thesealgorithms combinedsuffice to convert a programinto SSI

form. TheSSI form is not necessarily minimal,asweshowedin section5.3.3; the

next section wil l show how to post-process to createminimalor prunedSSI form.

Lemma5.3. Thestack traceof calls toSearch definesa uniquepath through £
fromSTART.

Proof. We will prove this lemma by construction. For every consecutive pair

of calls to Searc h we constructa path # $& ' starting with the edge ¤N#¦¥ 7>§©¨
which is the argumentof the first call, and ending with the edge ¤ 7Aª ¥�' ¨ which

is the argumentof the secondcall. From line 28 of the Searc h procedureon

page36 we note thatevery edge ¤ 7 9�¥ 7 9 $ ; ¨ betweenthefirst andlast hasexactly

onesuccessor. Furthermore, the call to search on line 32 definesa pathstarting

with the edge which our segment # $& ' ends with; thereforethe paths can be

combined.By sodoing from thebottomof thecall stackto thetopweconstructa

uniquepathfrom START.

For brevity, we will hereafterrefer to the canonicalpath constructedin the

mannerof lemma5.3correspondingto thestackof callsto Search whenan edge

10Thecuriousreader is referredto section 5.1 of Appel [4] for implementationdetails.
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« is first encountered as ¬i®S « X . Every edgein the CFG is encounteredexactly

onceby Sear ch , so ¬i®S « X exists andis uniquefor every edge « in theCFG.

Lemma 5.4. SSIform condition 3 ( � -functionnaming) holds for variablesre-

named according to Algorithm5.4.

Proof. We restate SSIform condition 3 for reference:

For every node # containing a definition of a variable ¯ in the new

program andnode ' containing a useof thatvariable, there exists at

leastonepath # $& ' andno suchpathcontainsa definition of ¯
otherthanat # .

We consider the canonical path ¬i®S�¤�'±°�¥�' ¨ XT² START ³& '®° & ' for some

use of a variable ! at ' , constructedaccording to lemma 5.3 from a stack trace

of calls to Searc h. is encountered.This pathis unique,althoughmorethanone

canonical pathmay terminateat ' at nodeswith morethanonepredecessor. These

pathsaredistinguishedby the incomingedgeto ' .11 We identifyeachoperand ! 9
of a � -function with theappropriate incomingedge« to ensurethat ¬i®S « X iswell

definedanduniquein thecontext of a useof !K9 .
ThecanonicalpathSTART $& ' mustcontain # , a definition of ! , if ' uses

a variable definedin # , asSearch renamesall definitions(in lines5, 9, and24)

anddestroys the name mapping in ´ justbefore it returns. Thecall to Search

which createsthedefinition of ! mustthereforealwaysbeon thestack, and thusin

thepath ¬i®S�¤N'®°�¥�' ¨ X , for any useto receivea thename ! . Notethatthis is truefor

� -functions as well, which receive nameswhenthe appropriate incoming edge¤N' ° ¥�' ¨ is traversed,not necessarily whenthe node ' containing the � -function is

first encountered.

11Note that the notation µ|.¦¶O.¸·º¹ for denoting edgesdoesnot alwaysdenote anedge unambi-

giously; imagine a conditional branchwhere both the true and fals e case lead to the same

label. In such casesan additional identifier is necessary to distinguish the edges. Alternatively,

one may split such edgesto remove the ambiguity. We treatedgesasuniquely identifiable and

leave the implementationto thereader.
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We have proved that START $& # $& ' exists; now we must prove that no

other path from # to ' contains a definition of ! . Call this other definition 5 .

Obviously 5 cannotbe on our canonical path START $& # $& ' , or line 24

would have caused' to usea differentname.But aswe just stated,all variable

namemappings done by 5 will be removed when the call to Search which

touched 5 is taken off thecall stack.So 5 must be on thecall stack, andthuson

thecanonical path; a contradiction. Sinceassuming theexistenceof someother

path #»$& ' containing a definition of ! leadsto contradiction no othersuchpath

mayexist, completing theproofof thelemma.

Lemma5.5. SSI form condition 4 (  -function naming) holds for variables re-

namedaccording to Algorithm5.4.

Proof. WerestateSSI form condition 4 for reference:

For every pair of nodes# and ' containing usesof a variable ¯ de-

finedat node " in the new program,eitherevery path " $& # must

contain ' or everypath "($& ' mustcontain # .

Let usassume therearepaths " $& # and " $& ' violating this condition; thatis,

let uschosenodes # and ' which use ¯ and " defining ¯ such thatthereexists a

path �; from " to # not containing ' and apath K= from " to ' notcontaining # .

By theargumentof thepreviouslemma, thereexistsacanonicalpath x¼ ² ¬®®S « X
from STARTto # through " corresponding to astacktraceof Sear ch ; notethatx¼ need not contain �; . Thereare two cases:

CaseI: x¼ does not contains ' . Thenthere is some lastnode
7

presenton bothK=r½¾" ³& 7 $& ' andx¼a½ START $& " ³& 7 $& # . By SSI condition2 this

node
7

requiresa  -functionfor ¯ . If
7%¿² " thenline 5 of Algorithm 5.4

would rename ¯ along K¼ and # would notusethesamevariable " defined;

if
7 ² " , then line 9 would haveensuredthat # and' used differentnames.

Eithercasecontradictsour choicesof # , ' , and " .

CaseII : x¼ doescontain ' . Thenconsider the pathSTART $& " $& ' along

K¼ , which doesnot contain # . Theargumentof case I applieswith # and '
reversed.

39



Any assumed violation of condition 4 leadsto contradiction, proving thelemma.

Every path ¬®®S « X correspondsto a execution statein a call to Search at the

point where« is first encountered.Thevalueof theenvironmentmapping ´ at this

point in theexecutionof Algorithm5.4wewil l denoteas ´�À . For anode
7

having

asinglepredecessor
7ÂÁ

and single successor
7WÃ

, wewil l denotéMÄÆÅ~ÇYÈ Å�É as ´�Åbefore

and ´iÄºÅpÈ Å{ÊOÉ as ´pÅafter. It is obviousthat ´ Å�Çafter
² ´pÅbefore and ´�Åafter

² ´ Å�Êbefore when
7�Á

and
7¢Ã

, respectively, arealsosingle-predecessorsingle-successornodes.

Lemma 5.6. SSIform condition 6 (correctness) holdsfor variables renamed ac-

cording to Algorithm 5.4. That is, alongany possible control-flow pathin a pro-

grambeing executeda use of a variable ¯p9 in the new programwil l alwayshave

thesamevalueasa use of thecorrespondingvariable ¯ in the original program.

Proof. Wewill useinductionalongthepath
7¢§ & 7 ; & ËÌË�Ë�& 7Âª

. Weconsider«ÌÍ ² ¤ 7 Í ¥ 7 Í $ ; ¨ , the SÏÎ�VÑÐ X th edgein thepath,andassumethat, for all Ò-ÓÔÎ ,

eachvariable ¯ in theoriginal programagreeswith thevalueof ´pÀ�Õ×Ö ¯-Ø ² ¯�9 in

thenew program. Weshow that ´ À�Ù Ö ¯-Ø agreeswith ¯ atedge «ÌÍ in thepath.

CaseI: Î ²ÛÚ . Thebasecaseis trivial: theSTARTnode (
7:§

) containsno state-

ments,andalong eachedge « leaving start ´�ÀYÖ ¯-Ø ² ¯ § . By definition ¯ §
agreeswith ¯ at theentryto theprocedure.

CaseII: ÎÑÜ Ú and
7 Í hasexactly one predecessor andone successor. If

7 Í
is single-entrysingle-exit, thenit is not a � - or  -function. As anordinary

assignment,it will behandledby lines20to 24of Algorithm5.5 onpage36.

By theinductionhypothesis(which tells usthat theusesat
7 Í correspond

to the same values asthe uses in the original program) andthe semantics

of assignment,themapping ´ Å Ùafter is easily verifiedto bevalid when ´ Å Ùbefore is

valid. Thusthevalueof every original variable ¯ corresponds to the value

of thenew variablé Å Ùafter Ö ¯-Ø ² ´�À Ù Ö ¯-Ø on «ÌÍ .
CaseIII: ÎÝÜ Ú and

7 Í hasmultiplepredecessorsandonesuccessor. In this case7 Í may have multiple � -functions in thenew program, andby thedefini-
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tion in section 3
7 Í hasno statements in the original program. Thusthe

valueof any variable ¯ in theoriginalprogramalong edge «ÌÍ is identical to

its value along edge «ÌÍ�Þ ; . We needonly show thatthevalueof thevariable´�À Ù�ßáà Ö ¯-Ø is thesameasthevalueof thevariable ´�À Ù Ö ¯±Ø in thenew program.

For any variable ¯ not mentioned in a � -function at
7 Í this is obvious.

Eachvariabledefinedin a � -functionwill getthe valueof theoperandcor-

responding to the incoming control-flow path edge. The relevant lines in

Algorithm 5.5 startwith 13 and14, wherewe seethat the operandcorre-

sponding to edge «ÌÍâÞ ; of a � -function for ¯ correctlygets ´ À�Ù�ß¾à Ö ¯-Ø . At

line 5, we see that the destination of the � -function is correctly ´ À Ù Ö ¯®Ø .
Thusthevalueof every original variable ¯ correctly correponds to ´ À�Ù Ö ¯®Ø
by theinduction hyptothesis andthesemanticsof the � -functions.

CaseIV: Î?Ü Ú and
7 Í hasone predecessor andmultiple successors. Here

7 Í
mayhavemultiple  -functionsin thenew program, andisempty in theorig-

inal program.Theargument goesasfor thepreviouscase.It isobviousthat

variables not mentionedin the  -functionscorrespondat «ÌÍ if they did at«ÌÍâÞ ; . For variablesmentionedin  -functions, line 18 shows thatoperands

correctly get ´MÀ ÙPß�à Ö ¯-Ø andline9 showsthatthedestination correspondingto«ÌÍ correctly gets ´�À Ù Ö ¯±Ø . Thereforethevaluesof originalvariables̄ corre-

spond to the value of ´ À�Ù Ö ¯-Ø by theinduction hypothesisandthesemantics

of the  -functions.

CaseV:
7 Í hasmultiplepredecessorsandmultiple successors.Forbiddenby the

CFG definition in section 3.

Therefore, on every edgeof thechosenpath,thevalues of theoriginal variables

correspondto thevaluesof therenamedSSI form variables.Thevaluecorrespon-

denceat thepathendpoint (auseof somevariable ¯ ) follows.

Theorem 5.2. Algorithm5.4 renames variablessuch that SSI form conditions3,

4, and 6 hold.

Proof. Directfrom lemmas5.4,5.5,and5.6.
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Theorem5.3. Algorithms 5.3 and 5.4 correctly transform a program into SSI

form.

Proof. Theorem 5.1 proves that � - and  -functionsareplacedcorrectly to satisfy

conditions 1, 2 and 5 of the SSI form definition, and theorem5.2 proves that

variablesarerenamed correctly to satisfy conditions3, 4 and6.

5.3.6 Pruning SSI form

The SSIalgorithm can be run using any conservative approximation to the live-

nessinformation (including thefunctionMaybeL ive Sã!�¥�ä X±² t rue ) if unused

codeelimination12 is performedto remove extra � - and  -functions added and

create prunedSSI. Figure5.10 andAlgorithm 5.6 presentan algorithm to iden-

tify unused codein RTS 7 ¯M���æå X time, after which a simple RTS 7 X passsuffices

to remove it. The complexity analysis is simple: nodesand variablesare vis-

itedat most once,raising their valuein theanalysis lattive from unusedto used.

Nodes markedusedarenever visted. So MarkNo deUseful is invoked at most7
times,and MarkV arUse ful is invoked at most ¯ ���æå times. The calls to

MarkNo deUseful may examine at most every variable usein the programin

lines3-5, taking RTS�6����æå X time at worst. Eachcall to Mark VarUs eful exam-

inesat most onenode(thesingle definition nodefor thevariable, if it exists)and

in constant timepushesatmostonenodeon to theworklist for a totalof RTSÏ¯����æå X
time. Sothetotal run timeof Fin dUsef ul is RTS�6����æåKV¡¯����æå X{² RTS�6����æå X .
5.3.7 Discussion

Note that our algorithmfor placing � - and  -functionsin SSI form ispessimistic;

that is, we at first assumeevery node in the control-flow graphwith input arity

largerthan one requiresa � -function for every variable andevery nodewith out-

arity largerthanonerequiresa  -function for every variable,andthen usethePST,

12Wefollow [44] in distinguishing unreachablecodeelimination, which removescodethatcan

neverbeexecuted, from unusedcodeelimination, whichdeletessectionsof codewhoseresultsare

never used.Both areoftencalled“deadcode elimination” in theliterature.
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FindUseful( ] : CFG) =
1: let ç bean empty work list
2: for eachvariable [ in ] do
3: VarUseful ^w[�`�f fa ls e
4: for eachnode � in ] in any order do
5: NodeUseful ^Æ�±`�f fa lse
6: if � is aCALL, RETURN, or other nodewith side-effects then
7: add � to ç
8:
9: while ç is not empty do

10: let � beany element from ç
11: remove � from ç
12: MarkNodeUseful ^Æ�±}_çè`
MarkNodeUseful(� : node, ç : WorkList) =
1: NodeUseful ^Æ�±`�f tru e
2: /* everything usedby auseful nodeisuseful * /
3: for eachvariable [ in UseŝÆ�±` do
4: if not VarUseful(v) then
5: MarkVarUseful ^w[�}_çé`

MarkVarUseful([ : variable, ç : WorkList) =
1: VarUseful ^º[x`�f tr ue
2: /* Thedefinition of auseful variable is useful */
3: for eachnode � in Definitionŝw[x` do
4: /* In SSIform, sizê Definitionŝw[x`�`�êëu */
5: if not NodeUseful ^Æ�±` then
6: add � to ç

Algorithm 5.6: Identifying unused codeusing SSI form.
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Operationson nodes:

NodeUseful(n:node): boolean : Whethertheresults of this nodeareever used

Uses(n:node): setof vari ables : Variables for which thisnodecontainsause

Operationson variables:

VarUseful(v:variable): boolean : Whether thereis somen for which Uses(n) contains
v and NodeUseful(n) is tru e

Definiti ons(v:vari able): setof nodes : Nodeswhichcontaina definition for v

Figure5.10:Datatypesandoperationsusedin unused codeelimination.

livenessinformation,andunusedcodeelimination todeterminesafeplacestoomit

� - or  -functions.MostSSA constructionalgorithms,by contrast, areoptimistic;

they assumeno � - or  -functionsareneeded andattemptto determinewherethey

areprovably necessary. In my experience,optimistic algorithmstendto havepoor

time boundsbecause of thepossibil ity of input graphs like theoneill ustratedin

Figure 5.11on the next page. Proving that all but two nodesrequire � - and/or -functions for the variable ì in this example seemsto inherently require RTS 7 X
passesover thegraph;eachpasscanprove that � - or  -functionsarerequiredfor

only thosenodes adjacentto nodestagged in the previous pass.Starting with the

circlednode,the � - and  -functions spreadonenodeleft on each pass. On the

otherhand,anpessimistic algorithm assumesthe correct answerat thestart, fails

to show that any � - or  -functions can beremoved,andterminatesin one pass.

5.4 Timeand spacecomplexity of SSI form

Discussionsof timeandspacecomplexity for sparseevaluation frameworks in the

literatureareoften misleadingly called “ linear” regardlessof what the R -notation

runtimeboundsare.A canonical example is [38], whichstatesthatfor SSAform,

“the numberof � -nodesneededremainslinear.” Typically Cytron [11] is cited;

however, thatreferenceactually reads:
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Figure5.11:A worst-caseCFG for “optimistic” algorithms.

For theprograms we tested,theplot in [Figure21 of Cytron’s paper]

shows that thenumberof � -functionsis also linearin thesize of the

originalprogram.

It is important to note that Cytron’s claim is basednot on algorithmic worst-

boundscomplexity, but on empirical evidence. This reasoning is not unjustified;

Knuth [23] showedin 1974that“human-generated”programsalmostwithout ex-

ceptionshow propertiesfavorabletoanalysis; inparticularshallow maximumloop

nesting depth. Wegman and Zadeck [44] clearly make this distinction by noting

that:

In theorythe size [of the SSA form representation] can be RTSNU�¯ X ,
but empirical evidenceindicates that the work required to compute

theSSAgraph is linearin theprogramsize.

Our worst-case spacecomplexity boundsfor SSI form are identicalto SSA form

— RTSNU�¯ X — but in this section we will endeavour to show thattypical complex-

itiesare likewise“linear in theprogramsize.”

The total runtime for SSI placement andsubsequentpruning, including the

time to construct the PST, is RTSNU V 7 ¯ § VÛ6¸���æå X . For most programsU wil l

bea small constant factor multiple of
7

; asWegmanand Zadeck [44] note,most

controlflow graphnodeswill haveat most two successors. For thosegraphswhereU is not RTS 7 X , it canbearguedthat U is the more relevantmeasureof program
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complexity.13

Thusthe“ linearity” of our SSIconstruction algorithm rests on the quantities7 ¯ § and 6¸���æå . Figures5.12 and5.13presentempirical datafor ¯ § and 6����æå on

a sample of 1,048 Java methods. Themethods variedin length from 4 to 6,642

statementsandweretaken from thedynamic call-graphof the FLEX compiler it-

self,which includeslargeportionsof thestandardJavaclasslibraries. Figure5.12

shows convincingly that 6����æå grows as
7

for large procedures,and Figure5.13

supportsan argumentthat ¯ § growsveryslowly andthatthequantity
7 ¯ § would

tendto grow as
7 ;ED ¼ . Thiswouldarguefor anear-linearpractical run-time.

In contrast, Cytron’s original algorithm for SSA form had theoreticalcom-

plexity RTS�U V ¯������GFDF FæV 7 ¯������ X . Cytron doesnot presentempirical data for¯M���P� , but onecaninfer from the data hepresentsfor “numberof introduced � -

functions” that ¯p����� behavessimilarly to ¯����æå — thatis, it growsas
7

, notas ¯ § .
It is frequently pointedout14 that the FDF F term,thesizeof thedominancefrontier,

can be RTS 7 = X for common programming constructs (repea t-un til loops),

which indicates that the ¯M�����5FDF F term in Cytron’s algorithm wil l be RTS 7 = X at

bestandat timesasbadas R S 7 ¼YX .
Notethatthespacecomplexity of SSI form,whichmaybe RTSNU�¯ X in theworst

case( � - and  -functionsfor everyvariableinsertedatevery node) is certainly not

greater than 6¸���æå , and thusFigure5.12shows linear practicalspaceuse.

6 Usesand applicationsof SSI

Theprinciplebenefitsof usingSSI form aretheabili ty to dopredicatedandback-

warddataflow analysesefficiently. Predicatedanalysismeansthatwecan usein-

formation extractedfrom branchconditionsandcontrolflow. The  -functionsin

SSI form provideanvariablenaming thatallowsusto sparselyassociate thepred-

13Wewill not follow Cytron[11] in defining anew variable H to denotemax, .j¶AIQ¶�J�J�Jw4 to avoid

following him in declaring worst-casecomplexity +-,KHML�4 and leaving it to the readerto puzzleout

whether +a, .ONÌ4 (!) is reallybeing implied.
14SeeDhamdhere[12] for example.
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ication information with variable namesat control flow splits. The  -functions

also provide a reversesymmetry to SSI form thatallow efficientbackwarddata-

flow analyseslike livenessandanticipatability.

In this section, we will briefly sketchhow SSI form canbe applied to back-

wardsdataflow analyses,including anticipatability, an importantcomponent of

partial redundancy elimination. We will thendescribein detail our SparsePred-

icatedTyped Constant propagation algorithm, which shows how the predication

information of SSI form may be usedto advantagein practical applications,in-

cluding theremoval of array bounds andnull-pointer checks. Lastly, we will de-

scribe anextension to SPTC thatallows bitwidth analysis, andthepossible uses

of this information.

6.1 Backward Dataflow Analysis

Backward dataflow analysesare thosein which information is propagatedin the

directionoppositethat of program execution [29]. Thereis general agreement [20,

7, 45] that SSA form is unableto directly handle backwardsdataflow analyses;

liveness is oftencitedasacanonical example.

However, SSIform allows thesparsecomputation of suchbackwardsproper-

ties. Liveness,for example, comes“for free” from prunedSSI form: every vari-

able is live in the region between its useandsoledefinition. Property 5.2 states

thatevery non-� -functionuseof avariable isdominatedby thedefinition; Cytron

[11] has shown that � -functionswill alwaysbefoundon thedominancefrontier.

Thus the live region betweendefinition anduse canbe enumerated with a sim-

ple depth-firstsearch,takingadvantageof the topological sorting by dominance

that DFS provides[29]. Because of � -function uses, the DFS will have to look

one nodepastits spanning-treeleavesto seethe � -functions on the dominance

frontier; this doesnot changethealgorithmic complexity.

Computationof otherdataflow propertieswil l usethissameenumeration rou-

tine to propagate valuescomputedon the sparseSSI graph to the intermediate

nodeson thecontrol-flow graph. Formally, we can say thatthedataflow property

for variable ! at node
7

is dependentonly on the propertiesat nodes 5 and 6 ,
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defining andusing ! , for which there is a path 5 $& 6 containing
7

. There is a

“default” propertywhichholds for nodeson nosuchpathfrom adefinition to use;

for livenessthedefault propertyis “not live.” The remainderof this sectionwil l

concentrateon thedataflow propertiesatuseanddefinition points.

A slightly morecomplicatedbackward dataflow property isverybusyexpres-

sions; thisanalysis is somewhatobsoleteasit servesto savecodespace,not time.

This in turn is related to partial andtotal anticipatabilit y.

Definition 6.1. An expression « is very busy at a point  of theprogramiff it is

alwayssubsequently usedbefore it is killed [29].

Definition 6.2. An expression « is totally (par tially) anticipatable at a point 
if, on every (some)path in the CFG from  to END, there is a computation of «
beforeanassignmentto anyof thevariablesin « [20].

Johnson andPingali [20] show how to reducetheseproperties of expressions

to propertieson variables. We will therefore consider propertiesBSY Sã!�¥ 7 X ,
ANT Sã!�¥ 7 X , and PAN Sº!{¥ 7 X denoting very busy, totally anticipatable, and par-

tially anticipatablevariables ! atsomeprogrampoint
7

.

To computeBSY, westartwith pruned SSI form. Any variabledefinedin a � -

or  -function is usedat some point, by definition. Sofor statementsat a point 
wehave therules:

! ² Ë�ËÌË BSYin Sº!{¥� X�² f alseË�ËÌË ² ! BSYin Sº!{¥� X�² t rue1n² �ÂS . § ¥ Ë�ËæË ¥ . ª X BSYin S . 9�¥� X{² BSYout S 1 ¥� X¤ 1 § ¥ ËÌË�Ë ¥ 1 ª3¨ ²  pS . X BSYin S . ¥� X{²QP ª 9SR § BSYout S 1 9�¥� X
Total anticipatability, in the single variablecase,is identical to BSY. Partial

anticipatability for avariable ! atpoint  follows therules:

! ² Ë�Ë�Ë PAN in Sº!{¥� X�² f alseË�Ë�Ë ² ! PAN in Sº!{¥� X�² t rue1n² ��S . § ¥ ËÌË�Ë ¥ . ª X PAN in S . 9�¥� X{² PANout S 1 ¥� X¤ 1 § ¥ Ë�ËÌË ¥ 1 ª ¨ ²  pS . X PAN in S . ¥� X{²QT ª 9SR § PANout S 1 9 ¥� X
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The presentsection is concerned more with feasibili ty than the mechanics

of implementation; we refer the interestedreaderto [29] and[20] for details on

how to turn theefficient computationof BSY, PAN andANT into practical code-

hoistingandpartial-redundancy elimination routines,respectively.

We notein passing thatthesophisticated strength-reduction andcode-motion

techniquesof SSAPRE [22] areapplicabletoan SSI-basedrepresentation,aswell,

andmay benefitfrom the predicationinformation availablein SSI. The remain-

derof this section wil l focuson practical implementationsof predicatedanalyses

using SSIform.

6.2 SparsePredicated TypedConstant Propagation

SparsePredicatedTypedConstant (SPTC) Propagationis apowerful analysistool

which derivesits efficiency from SSI form. It is built on WegmanandZadeck’s

SparseConditionalConstant(SCC)algorithm [44] andremovesunnecessaryarray-

boundsandnull-pointer checks,computesvariabletypes, and performs floating-

point- and string-constant-propagation in addition to the integer constant propa-

gation of standard SCC.

We wil l describethis algorithm incrementally, beginning with the standard

SCC constant-propagationalgorithm for review. Wegman andZadeck’salgorithm

operateson a programin SSA form; we will call this SCC/SSA to differentiate

it from SCC/SSI, using the SSI form, which we wil l describein section 6.2.2.

Section 6.3 on page67 will discuss anextension to SPTC which doesbit-width

analysis.

6.2.1 Wegmanand Zadeck’s SCC/SSA algorithm

The SCC algorithm works on a simple three-level value lattice associated

with variabledefinition pointsandatwo-level executability latticeassociatedwith

flow-graphedges.Theselatticesareshown in Figure6.1onpage53. Associating

a lattice value with a definition point is a conservative statementthat,for all pos-

sible program paths, the valueof that variablehasa certainproperty. The value
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U V / W S ¿²0/KXYX
V V / W X
/ / / X X
X X X X X

Z V W X
V V W X
/ / / Z W X
X X X X

Table6.1: Meetandbinaryoperationruleson theSCC valuelattice.

Init( ] :CFG) =
1: [ À f]\
2: [ ª f]\
3: for eachvariable [ in ] do
4: if somenode � defines[ then
5: g c [Ye3f_^
6: else
7: g c [Ye3f_` /* Procedurearguments,etc. */

Analyze(] :CFG) =
1: let a be thestart nodeof graph ]
2: [ ª f][ ª(bdc a8e
3: ç ª f c afe
4: çhgjf]\
5:
6: repeat
7: if ç ª is not empty then
8: removesomenode � from ç ª
9: if � hasonly oneoutgoingedge b and bdij [ À then

10: RaiseE(b )
11: Visit(� )
12: if ç g is not empty then
13: removesomevariable [ from ç g
14: for each node � containing auseof [ do
15: Visit(� )
16: until both çhg and ç ª areempty

Algorithm6.1: SCCalgorithm for SSA form.
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RaiseE( b :edge)=
1: /* Whencalled, bkij [ À * /
2: [ À f][ À bdc b�e
3: let � bethedestination of edge b
4: if �lij [ ª then
5: [ ª f_[ ª bdc �me
6: ç ª fyç ª(bdc �ne

RaiseV([ :variable, � :latticevalue) =
1: if g c [Ye;o � then
2: g¸c [Ye�f �
3: çpgjf çpg b(c [Me

Visit( � :node) =
1: for each assignment “ [:frq#sut ” in � do
2: RaiseV([ , g c qYevs g¸c t3e ) /* binoprule: seetable6.1 */
3:
4: for each assignment “ [:f MEM ^_zâz�zã` ” or “ [Af CALL ^_z�zâzã` ” in � do
5: RaiseV([ , ` )
6:
7: for each assignment “ [:f �±^Kq ; }�z�z�z×}q ª ` ” in � do
8: for each variable qY9 corresponding to predecessor edge b×9 of � do
9: if bâ9 j [ À then

10: RaiseV([ , g¸c [Ye�wÂg¸c q\9Ïe ) /* meet rule: seetable 6.1* /
11:
12: for each branch“ if [ goto b�; else bâ= ” in � do
13: �Afyg�c [Ye
14: if �Âmx` or �Âmzy where y signifies “t rue” and b�;{ij [ À then
15: RaiseE(b�; )
16: if �Âmx` or �Âmzy where y signifies “false” and b = ij [ À then
17: RaiseE(b = )

Algorithm6.2: SCCalgorithm for SSA form, cont.

52



|||
FFFFF
}}}}}}

~ ~ ~
D D D D D
� � � � � �

~~
~
DDD

DD
���

��� | |
|

F F F
F F

} } }
} } }

�

��n�����A��� � � �����

�

Executable

Not Executable

Figure6.1: Three-level valuelatticeand two-level executabilit y lattice for SCC.

lattice is, formally, Int �� ; thelatticevalue � signifiesthatno informationabout the

value is known, the lattice value � indicatesthat it is possible that the variable

hasmorethan onedynamic value,andtheotherlattice entries(corresponding to

integer constants andoccuping a flat space between � and � ) indicatethat the

variablecanbeprovento haveasingle constantvalue in all runsof theprogram.15

Similarly, theexecutability lattice indicateswhetherit is possible thatthecontrol

flow edgeis traversed in some execution of theprogram (marked“executable”),

or if it canbe proven that the edgeis never traversed in any valid program path

(marked“not executable”). Thealgorithmworkswith SSA form, andis presented

asAlgorithm 6.1. Binary operationsonlatticevaluesandcombination at � -nodes

follow therulesin Table6.1;notice that themeet operation( � ) issimply the least

upperboundon the lattice. The time complexity of SCC/SSA canbefoundeas-

ily : theprocedureRais eE putseachnodeon the ��� worklist atmost once, and

Rai seV putsa variableon the �x� worklist at most ����� times,where � is

themaximumlattice depth. TheVisi t procedure can thusbe invokeda maxi-

mum of � times by line 11 of theAnaly ze procedureof Algorithm 6.1,and a

maximumof �(�8�����������M  timesby line 15, where �(�8��� is thenumberof vari-

ableusesin the SSA representation of the program. The lattice depth � is the

15Note thatwe follow the ¡ and ¢ conventionsused in semanticsandabstract interpretation;

authors in dataflow analysis (including Wegman andZadeck in their SCC paper [44]) often use

contrary definitions, letting ¡ meanundefinedand ¢ indicateoverdefinition. As section7.3 will

discuss the semantics of SSI+ at length, we thought it best to adhere to one set of definitions

consistently, insteadof switching mid-paper.
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foo = f( ); foo 0 = f( );
if (foo == 1) if ( foo 0 == 1)£

foo 1 ¤ f oo2 ¥ = ¦§� foo 0  
bar = fo o + 1; bar 0 = foo 2 + 1;

els e else
bar = 2; bar 1 = 2;

bar 2 = �k� bar 0 ¤ bar 1  

Figure6.2: A simple constant-propagationexample.

constant3 in this version of thealgorithm, soit dropsout of theexpression. The

RaiseE procedureitself is called at most ¨ times. The time complexity is thus© �"¨«ªl��ª¬� �8��� �����0�M �  whichsimplifies to
© �"¨ª�� �8���   .

6.2.2 SCC/SSI:predication using ¦ -functions.

Portingthe SCC algorithm from SSA to SSI form immediately increases the

number of constants we can find. A simple example is shown in Figure 6.2:

the version of the programon the right is in SSI form, and SCC/SSI—unlike

SCC/SSA—can determinethatfoo 2 is aconstantwith value1 (althoughnothing

canbesaid about thevalueof fo o0 or f oo1) and thereforethatbar 0, bar 1, and

bar 2 areconstantswith thevalue2. SSIform createsa new namefor bar at the

conditionalbranchto indicatethatmore informationaboutits value is known.

Only theVis it proceduremustbeupdatedfor SCC/SSI: latticeupdaterules

for ¦ -functionsmustbeadded.Algorithm6.3showsanew Visi t procedurefor

the two-level integer constant latticeof Wegmanand Zadeck’s SCC/SSA;with

this restricted value setonly integerequality teststap the algorithm’s full power.

The utility of SCC/SSI’s predicated analysis wil l become more evident as the

valuelattice is extendedto covermoreconstant types.

Thetimecomplexity of theupdatedalgorithmis identical to thatof SCC/SSA:© �"¨«ª¬�d�f���G  , by thesameargumentasbefore.
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Visit(® :node)=
1: /* Assignment rulesason page52 */
2:
3: for eachbranch “if ¯d°h± goto ²�³ else ²8´ ” in ® do
4: if µ·¶ ¯¹¸%°xº or µ·¶ ±»¸�°xº then
5: RaiseE(² ³ )
6: RaiseE(² ´ )
7: else if µ·¶ ¯¹¸%°½¼ and µ·¶ ±»¸�°¬¾ then
8: if ¼�°¬¾ then
9: RaiseE(² ³ )

10: else
11: RaiseE(² ´ )
12: for each assignment“ ¿=À ³�Á À ´ÃÂnÄÆÅ+Ç ÀvÈ�É ” associatedwith this branchdo
13: if edge ²�³ËÊ«Ì�Í andvariable À È is the ¯ or ± in the test then
14: RaiseV(À ³ , min(µ+¶ ¯�¸ , µ·¶ ±»¸ ))
15: elseif edge ²�³ËÊ«Ì�Í then
16: RaiseV(À ³ , µ;¶ ÀvÈ�¸ )
17: if edge ² ´ Ê«Ì Í then /* Falsebranch */
18: RaiseV(À ´ , µ;¶ ÀvÈ�¸ )
19:
20: /* Obviousgeneralizationapplies for tests like “ ¯Î°p± ” */

Algorithm 6.3: A revisedVisit procedure for SCC/SSI.
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Figure6.3: SCCvaluelatticeextendedto Javaprimitivevaluedomain.

6.2.3 Extending the valuedomain

Thefirst simpleextension of theSCCvaluelatticeenablesusto representfloating-

point andothervalues. For this work, we extended thedomain to cover the full

typesystemof Javabytecode[15]; theextendedlattice is presentedin Figure6.3.

The figure also introduces the abbreviated lattice notation we will use through

thefollowing sections;it is understoodthat the lattice entry labelled “int” stands

for afinite-but-largesetof incomparablelatticeelements,consisting (in thiscase)

of the members of the Java i nt integer type. Java int s are32 bits long, so

the“int” entry abbreviatesÔMÕ ´ lattice elements. Similarly, the“double” entryen-

codesnot theinfinitedomainof real numbers,but thedomainspanned by theJava

double type which hasfewer than Ô×ÖAØ members.16 The Java St ring type is

also included, to allow simple constant string coalescingto be performed. The

propagation algorithm over this latticeis a trivial modification to Algorithm 6.3,

andwill beomitted for brevity. In thenext sections, the“int” and “long” entries

in this lattice will be summarizedas“I ntegerConstant” , the“fl oat” and“double”

entries as“Floating-point Constant” , andthe“String” entryas “String Constant” .

As thelattice is still only threelevelsdeep,theasymptotic runtimecomplexity is

identicalto thatof thepreviousalgorithm.

6.2.4 Typeanalysis

In Figure6.4weextendthelattice to computeJavatypeinformation. Thenew

16In IEEE-standard floating-point, somepossible bit patternsarenot valid numberencodings.
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int è int é int

long èëê int ¤ lo ng ìYé long

f loat èxê int ¤ l ong ¤ flo at ìYé floa t

double èëê int ¤ lo ng ¤ flo at ¤ doub le ìYé doub le

Strin g è�ê in t ¤ long ¤ fl oat ¤ double ¤ Object ¤*í*íÃí ìYé Stri ng

Figure6.6: Java typing rules for binaryoperations.

Hierarchy Sourcelanguage Classes Avg. depth Max. depth

FLEX infrastructure Java 550 1.9 5

j avac compiler Java 304 2.8 7

NeXTStep3.2î Objective-C 488 3.5 8

Objectworks4.1î Smalltalk 774 4.4 10ï
indicatesdataobtained from MuthukrishnanandMüller [28].

Table6.2: Classhierarchystatisticsfor several largeO-Oprojects.
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Visit(® :node)=
1: for eachassignment“ À Ä ¯{ðñ± ” in ® do
2: RaiseV(À , òó¶ ¯�¸Mðôòó¶ ±»¸ ) /* binop rule: seefigure6.6 */
3:
4: for eachassignment“ À Ä MEM ÇAõ8õ�õ É ” or “ À Ä CALL ÇAõ�õ8õ É ” in ® do
5: let ö bethetypeof theMEMor CALL expression
6: RaiseV(À , ö )
7:
8: for eachassignment“ À ÄÆ÷øÇ ¯ ³ Áfõ8õ�õ�Á ¯ � É ” in ® do
9: for each variable ¯6ù corresponding to predecessoredge ²8ù of ® do

10: if ²8ù3Ê«Ì Í then
11: RaiseV(À , úøû�ü"ò(¶ À¹¸ Á ò(¶ ¯ ù ¸Ký ) /* meetrule: useleastupperbound * /
12:
13: for eachbranch “if ¯d°h± goto ² ³ else ² ´ ” in ® do
14: if Typed þÿµ·¶ ¯¹¸ or Typed þ½µ+¶ ±»¸ then
15: RaiseE(² ³ )
16: RaiseE(² ´ )
17: else if µ·¶ ¯¹¸%°½¼ and µ·¶ ±»¸�°¬¾ then /* if ¯ and ± areconstants.. . * /
18: if ¼�°¬¾ then
19: RaiseE(²�³ )
20: else
21: RaiseE(²�´ )
22: for each assignment“ ¿=À ³�Á À ´ÃÂnÄÆÅ+Ç ÀvÈ�É ” associatedwith this branchdo
23: if edge ² ³ Ê«Ì Í andvariable ÀvÈ is the ¯ or ± in the test then
24: /* typeerror in sourceprogramif µ·¶ ¯�¸ and µ·¶ ±»¸ areincomparable */
25: RaiseV(À ³ , min(µ+¶ ¯�¸ , µ·¶ ±»¸ ))
26: elseif edge ² ³ Ê«Ì Í then
27: RaiseV(À ³ , µ;¶ ÀvÈ�¸ )
28: if edge ² ´ Ê«Ì Í then /* Falsebranch */
29: RaiseV(À ´ , µ;¶ ÀvÈ�¸ )
30:
31: /* Obviousgeneralizationapplies for tests like “ ¯Î°p± ” */
32: /* Obviousgeneralizationapplies for tests like “ ¯ instanceof � ” * /

Algorithm6.4: Vis it procedurefor typed SCC/SSI.

59



lattice entrymarked“Typed” is actually forest-structuredasshown in Figure6.5;

it is asdeep asthe class hierarchy, and the rootsandleavesareall comparable

to � and � . Only theVi sit proceduremust bemodified; the new procedureis

given asAlgorithm 6.4. Because the lattice � is deeper, the asymptotic runtime

complexity is now
© � ¨ª¬�d�8���m���*  where��� is the maximum depthof the class

hierarchy. To form anestimateof themagnitudeof ��� , Table 6.2comparesclass

hierarchystatistics for several largeobject-orientedprojects in varioussourcelan-

guages. Our FLEX compiler infrastructure, as a typical Java example, has an

averageclassdepthof 1.91.17 In a forced example, of course,onecanmake the

classdepth
© ���h  ; however, onecaninfer from thedatagiventhatin real codethe

� � termis not likely to make thealgorithmsignificantly non-linear.

A briefwordon therootsof thehierarchy forest in Figure6.5iscalledfor: Java

hasboth aclasshierarchy, rootedat jav a.lan g.Ob ject , andseveralprimitive

types,which we wil l alsouseas roots. Theprimitive typesinclude in t , l ong ,

fl oat , anddouble .18 Integerconstantsin thelatticearecomparableto andless

thanthe int or long type; floating-point constants arelikewisecomparable to

andlessthaneither float or double . String constants arecomparableto and

less thanthe java .lan g.St ring non-primitiveclass type.

Thevoid type, which is thetypeof theexpression null , is alsoa primitive

typein Java; howeverwewish to keep1 � . identical to úøû ê 1 ¤ . ì (theleast upper

boundof 1 and . ) while satisfyingtheJavatypingrule that nul l � 1 é 1 when 1
isanon-primitivetypeandnotaconstant.Thisrequiresputting void comparable

to but lessthanevery non-primitive leaf in the class hierarchy lattice.

The Java class hierarchy also includes interfaces, which are the meansby

which Java implementsmultiple inheritance. Baseinterfaceclasses(whichdonot

extendother interfaces)are additional roots in the hierarchyforest, although no

examplesof thisareshown in Figure6.5.

Sinceuntypeable variablesaregenerally forbidden, no operationshould ever

raisea lattice valueabove “Typed” to � . Theotherwise-unnecessary� element

17MeasuredAugust2, 1999; the infrastructure is undercontinuingdevelopment.
18In the typesystem our infrastructureuses(which is borrowed from Java bytecode) the char ,

boolean , sho rt and byte typesarefoldedinto int .
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Figure6.7: Value latticeextendedwith arrayandnull information.

is retained to indicateerror conditions.

This variantof theconstant-propagation algorithm allows usto eliminateun-

necessary inst anceo f checks dueto type-casting or type-safetychecks.Sec-

tion 6.2.6will provideexperimentalvalidationof its utility.

Finally, notethattheability to representnul l as thevoid typein thelattice

beginsto allow usto addressnull-pointerchecks,although becausenull � 1 é 1
for non-primitive typeswe canonly reason aboutvariableswhich canbeproven

to be null, not thosewhich might be proven to be non-null (which is the more

usefulcase).Thenext sectionwil l provide amoresatisfactorytreatment.

6.2.5 Addressingarray-boundsand null-pointer checks

At this point, we canexpandthe value lattice oncemore to allow elimina-

tion of unnecessary array-boundsandnull-pointerchecks,basedonour constant-

propagation algorithm. The new lattice is shown in Figure 6.7; we have split

the“Typed” lattice entry to enablethealgorithm to distinguishbetweennon-null

and possibly-null values,19 and addeda lattice level for arrays of known con-

stantlength. Some formaldefinition of the new valuelatticecanbefound in Fig-

19Valueswhich arealways-null were discussed in the previous section; they areidentified as

having primitive type vo id .
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����
Class¤ � non-null � �

possibly-null����
Classnon-null ¤ úOû ê void ¤ � ì � Classpossibly-null����
Classpossibly-null ¤ voi d � �����
Classnon-null ¤ £ voi d ¤ � ¥�����

Let �u� � ¤��   beafunction to turnalatticeentry representinganon-null arrayclass

type
�

into the lattice entry representing a saidarray classwith known integer

constantlength � . Then for any non-nullarrayclass
�

and integers� and � ,
�u� � ¤ �Ã  � �
£ � � � ¤ �Ã  ¤ � � � ¤ �f  ¥ ��� if andonly if �5é��

Figure6.8: Extendedvaluelattice inequalities.

x = 5 + 6;
do �

y = new int[x ];
z = x-1;
if ( 0 <= z && z < y.le ngth )

y[z] = 0;
else

x--;�
while (P);

Figure6.9: An example ill ustrating thepowerof combinedanalysis.
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Visit(® :node)=
1: /* Binop and ÷ -function rulesasin algorithm6.4* /
2:
3: for eachassignment“ À Ä MEM ÇAõ8õ�õ É ” or “ À Ä CALL ÇAõ�õ8õ É ” in ® do
4: let öOÊ Classpossibly-null � Classprimitive bethetypeof theMEMor CALL
5: RaiseV(À , ö )
6:
7: for eacharraycreation expression “ À Ä new T ¶ ¯¹¸ ” do
8: if µ·¶ ¯¹¸ is anintegerconstant then
9: RaiseV(À , � Ç! �Á µ·¶ ¯¹¸É )

10: else
11: RaiseV(À ,  non-null)
12:
13: for eacharray length assignment “ À Ä arraylengthÇ ¯%É ” do
14: if µ·¶ ¯¹¸ is anarrayof known constant length ® then
15: RaiseV(À , ® )
16: else
17: RaiseV(À , i nt )
18:
19: /* Branch rulesasin algorithm 6.4,with the obvious extension to allow testsagainst

null to lowera latticevalue from Classpossibly-null to Classnon-null . * /

Algorithm6.5: Visit procedureoutlinewith arrayandnull information.
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if ( 10 < 0)
throw new Negative Array Size Excep tion ();

int[ ] A = new int[ 10];
if ( 0 < 0 || 0 >= A.le ngth)

throw new Arra yInd exOut OfBoundsE xcep tion ();
A[0] = 1;
for (int i=1; i < 10; i++) �

if (i < 0 || i >= A.len gth)
t hrow new Arra yInde xOut OfBou ndsExcep tion( );

A[i] = 0;�
Figure6.10: Implicit boundschecks(underlined)onJavaarray references.

ure6.8; the meet rule is still the leastupperboundon the lattice. Modifications

to the Vi sit procedure areoutlined in Algorithm 6.5. Notice that we exploit

the pre-existing integer-constant propagation to identify constant-lengtharrays,

andthatour integratedapproachallows one-passoptimizationof theprogramin

Figure6.9.

Note that the variable renaming performedby the SSI form at control-flow

splits is essential in allowing thealgorithm to do null-pointercheckelimination.

However, the lattice we areusingcan remove boundchecks from anexpression�#" $&% when $ is a constant, but not when $ is anboundedinduction variable. In

theexample of Figure6.10,the first two implicit checks are optimized away by

this versionof thealgorithm, but theloop-bornetestis not.

A typical array-bounds check(asshown in theexample on thecurrentpage)

verifiesthat the index � of thearray referencesatisfiesthecondition ')(*�,+ � ,

where � is the length of the array.20 By identifying integer constantsaseither

positive, negative, or zero the first half of the bounds check may be eliminated.

This requiresasimpleextension of the integerconstantportion of thelattice,out-

20Languagesin which array indicesstart at1 can behandledby slight modificationsto thesame

techniques.
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Figure6.11: An integer lattice for signedintegers.A classification into negative
(M), positive (P), or zero (Z) is graftedonto the standard flat integer constant
domain. The ( M-P) entry is duplicated to aidclarity.

lined in Figure6.11,with negligible performancecost. However, handling upper

bounds completely requiresa symbolic analysis that is out of the currentscope

of this work. Futurework will useinduction variable analysis and integratean

existing integer linearprogramming approach [36] to fully addressarray-bounds

checks.

6.2.6 Experimental results

Thefull SPTCanalysisandoptimization hasbeen implemented in theFLEX java

compiler platform.21 Somequantitative measureof the utility of SPTC is given

asFigure 6.12. The “run-times” given areintermediate representation dynamic

statementcountsgeneratedby theFLEX compiler SSI IR interpreter. TheFLEX

infrastructure is still underdevelopment,andits backends arenot stableenough

to allow directly executablecode. As such, the numbersbeara tenuous relation

to reality; in particularbranch delayson realarchitectures, which the elimination

of null-pointer checks seeksto eliminate, are unrepresented. Furthermore, the

21Seesection8 for details of methodology.
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Figure6.12: SPTCoptimizationperformance.

intermediaterepresentation interpretergivesthesamecycle-countto two-operand

instructionsasto loadingconstants, which tendsto negatemostof thebenefit of

constantpropagation. As isobviousfromthefigure,thestandardWegman-Zadeck

SCC algorithm, which hasprovenutilit y in practice,showsno improvementover

unoptimizedcodedueto the metric used.Evenso,SPTC showsa10%speed-up.

It is expected thattheimprovementgivenin actualpracticewill begreater.

Note that the speed-upis constantdespite widely dif fering test cases. The

“Hello world” example actually executes quite a bit of library code in the Java

implementation; this includes numerouselement-by-elementarray initializations

(dueto thesemantics of java bytecode)which we expectSPTCto excel at opti-

mizing. But SPTCdoesjustaswell on the full FLEX compiler (68,032 linesof

source at thetime the benchmark wasrun),which shows thatthespeed-up is not

limitedto constantinitializationcode.
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6.3 Bit-wid th analysis

The SPTC algorithm canbe extendedto allow efficientbit-width analysis. Bit-

width analysisis avariation of constantpropagation with thegoalof determining

value rangesfor variables. In this senseit is similar to, but simpler than,array-

bounds analysis: no symbolic manipulation is required andthe valuelattice has

� levels (where � is themaximum bitwidth of theunderlying datatype) instead

of Ô98 . For C andJava programs,this meansthat only 32 levels needbeadded to

thelattice; thusthebit-width analysis canbemadeefficient.

Bit-width analysis allows optimization for modernmedia-processing instruc-

tion set extensionswhich typically offervectorprocessing of limited-width types.

Intel’sMMX extensions,for example, offer packed8-bit, 16-bit, 32-bit and64-bit

vectors [30]. To take advantageof thesefunctional units withoutexplicit human

annotation, the compiler must be able to guaranteethat the data in a vector can

beexpressedusing the limited bit-width available. A simpler bit-width analysis

in apreviouswork [3] showedthata largeamountof width-limit information can

beextractedfrom appropriatesourceprograms; however, thatwork wasnot able

to intelligently computewidthsof loop-bound variablesdueto the limitations of

the SSA form. Extending the bitwidth algorithm to SSI form allows induction

variableswidth-limitedby loop-bounds to be detected.

Bit-width analysis is alsoa vital stepin compiling a high-level language to

a hardware description. General purposeprogramming languagesdo not contain

the fine-grained bit-width information that a hardware implementation cantake

advantageof, so the compiler mustextract it itself. The work cited showed that

this is viableandefficient.

Thebit-widthanalysisalgorithm hasbeenimplementedin theFLEX compiler

infrastructure. Becausemost typesin Java are signed, it is necessaryto separate

bit-width information into “positive width” and “negative width.” This is just

anextension of thesignedvaluelattice of Figure 6.11to variablebit-widths. In

practice thebit-widthsare representedby a tuple,extending the integerconstant

lattice with � Int : Int   � underthenaturaltotal orderingof Int. Thetuple
£ ' ¤ ' ¥ is

identical to theconstant0, andthe tuple
£ ' ¤ �1; ¥ representsan ordinary unsigned
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Figure6.13:Somecombination rulesfor bit-width analysis.

16-bit datatype. The � elementis representedby anappropriatetuplereflecting

thesource-languagesemantics of thevalue’s type.Figure6.13presentsbit-width

combinationrulesfor someunarynegationandbinaryaddition,multiplicationand

bitwise-and. In practice,the rules would be extendedto moreprecisely handle

operandsof zero, one,andothersmall constants.

7 An executable representation

TheStaticSingleInformation (SSI) form, aspresentedin thefirsthalf of this the-

sis, requirescontrol-flow graphinformation in orderto beexecutable. We would

like to haveademand-drivenoperationalsemantics for SSI form thatdoesnot re-

quire control-flow information; thus freeingusto moreflexibly reorder execution.

In particular, we would like a representation thateliminates unnecessary con-

trol dependenciessuchasexist in theprogramof Figure7.1 on thenext page.A

control-flow graph for this program, as it is written, wil l explicitly specify that

no assignmentsto B[] will take placeuntil all elementsof A[] have been as-

signed;that is, thesecondloopwill be control-dependenton thefirst. We would

like to removethiscontroldependencein orderto providegreaterparallelism—in

this case,to allow the assignments to A[] and B[] to take place in parallel, if

possible.
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fo r (i nt i= 0; i <10; i++)
A[ i] = x;

fo r (i nt j= 0; j <10; j++)
B[ j] = y;

Figure7.1: An example of unnecessarycontrol dependence:the secondloop is
control-dependent on the first andso assignmentsto A[] and B[ ] cannottake
placein parallel.

In addition, an executablerepresentation allows us to more easily apply the

techniquesof abstractinterpretation [31]. Althoughabstract interpretationmay

beapplied to theoriginal SSI form using information extracted from thecontrol

flow graph,an executableSSI form allows moreconcise(and thus,more easily

derivedandverified) abstract interpretationalgorithms.

Themodificationsoutlined hereextendSSI form to provide a usefuland de-

scriptive operationalsemantics. We will call theextendedform SSI+. For clarity,

SSI form asoriginally presentedwewil l call SSI0. Wewill describealgorithmsto

contructSSI+ efficiently, and illustrateanalysesand optimizationsusingtheform.

7.1 Deficienciesin SSI0

Althoughademand-driven executionmodel canbeconstructed for SSI0, it fails to

handleloops andimperative constructs well. SSI+ form addresses thesedeficien-

cies.

7.1.1 Imperativeconstructs, pointer variables,and side-effects

Thepresentationof SSI0 ignoredpointers,concentratingonso-calledregister vari-

ables.Extending SSI0 to handlethese imperativeconstructsisquiteeasy:wesim-

ply definea“variable” I to representanupdatablestore.Thisvariable is renamed

andnumberedasbefore,sothat I È represents theinitial contents of thestoreandI ù ¤ �KJL' representsthecontentsof thestoreafter somesequenceof writes. Fig-
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// swapA[i] and B[j ] // SSI+ form:

x = A[ i]; 1 È = FETCH( I È , �(ÈËªM��È )
y = B[ j]; N§È = FETCH( I È , O3ÈËªP�AÈ )
A[ i] = y; I ³ = STORE( I È , �(È@ªQ��È , NmÈ );
B[ j] = x; I ´ = STORE( I ³ , O3È@ªR�È , 1 È );

Figure7.2: Useof the“storevariable” I&S in SSI+ form.

ure7.2 showsasimple imperativeprogramin SSI+ form. Note that modifications

to thestore typically take thepreviouscontentsof thestoreasinput,andthatsub-

routineswith side-effectsmodifying thestoremustbewritten in SSI+ form such

thatthey both takeastoreandreturn astore.

The single monolithic store may provide aliasing at too coarse a resolution

to be useful. Decomposing the store into smaller regions is a straight-forward

application of pointer analysis, which may benefit from an initial conversion of

registervariablesto SSI0 form. In type-safelanguages,definingmultiple stores

for differing type setsis a trivial implementation of basicpointer analysis; Fig-

ure7.3showsasimpleexampleof this form of decompositionusing two different

subtypes (I ntege r andFloa t ) of a common base class(Number ). Pointer

analysis is a hugeandrapidly-growing field which we cannotattempt to summa-

rize here; suffice to saythat the may-point-to relation from pointer analysismay

beusedto defineafine-grainedmodelof thestore.

Proper sequencingamong statementswith side-effects may be handled in a

similar way: a specialSSI nameis used/definedwhere side-effectsoccurto im-

poseanimplicit ordering. For maximumsymmetrywith the‘store’ case,we will

name this specialvariable IUT S . This variable may be further decomposedusing

effectanalysis for moreprecision.

Notethat preciseanalysis of side-effectsandthestoreis muchmoreimportant

in C-like languages.The example on the left in Figure 7.4 shows the difficul-

ties one may encounter in dealing with pointer variablesthat may rewrite SSI

temporaries. It is possible to deal with this in the mannerof Figure 7.3 using
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V �XW Number ¤/Y W In teger¤BZ W FloatY\[ � and Z�[ �
if(P ) // SSI+ form:

N=I;

else � ÈOé �k� Y È ¤BZ È� 
N=F;

F.ad d(3. 1415 9); IU] ³ é CALL � add ¤ I^]È ¤BZ È ¤=_�í �a`+�/b9c� 
N.ad d(5) ; deIgf ³ ¤ I^]´ih é CALL � add ¤ IgfÈ ¤ I^] ³ ¤ � È ¤ b+ 

Figure7.3:Factoringthestore( I&S ) using typeinformation inatype-safelanguage.

i nt x=1; 1 ÈOé��
i nt y=2; NmÈ�é Ô
i nt * p = &x; j3È�é ê x ì // P is of type “locat ion set”

i f (P )

p = &y; j ³ é ê y ìj ´ é �d�!j3È ¤ j ³  
* p = 3;

£ 1 ³ ¤ N ³ ¥ é DEREF �kj ´ ¤C_  
r etur n x; ret urn 1 ³

Figure7.4: Pointermanipulation of local variables in C.

explicit stores,and with sufficient analysisonemay write theSSI representation

on theright in the figure. Thesourcelanguagefor our FLEX compiler doesnot

encounterthis difficulty: Java has no pointersto basetypes,andso thecompiler

doesnot haveto worry aboutvalueschanging“behindits back” asin theexample.

7.1.2 Loop constructs

The center column of Figure7.5 on the following pageshows a typical loop in

SSI0 form. Note first that an explicit “control flow” expression (goto L1) is

requiredin orderto makesenseof theprogram. Notealsothat � ³ , � ´ and � Õ arepo-
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// a simple loop // SSI0 form: // SSI+ form:

j=1; �AÈOé�� �AÈOé��
i=0; ��È#él' ��È�él'
do L1: mBnporqtsn ù!u swv éLx&�ymBnzoz{Bsn ùk| stv  ê � ³ é�� �!��È ¤ � Õ   � ³ é�� �k��È ¤ �t}¹ 

i+=j ; � ´ éA� ³ ªR�È � ´ éA� ³ ªP� ³
ì while (i<5) ; > È�ér�k� ´ +~b+  > È#ér�k� ´ +~b+ 

i f > È got o L1
£ � Õ ¤ � Ø ¥ é�¦§� > È ¤ � ´  £ � Õ ¤ � Ø ¥ é�¦@�!� ´  

Figure7.5: A simple loop, in SSI0 andSSI+ forms.

tentially dynamically assigned many times, althoughstatically they haveonly one

definition each. This complicatesany sort of demand-driven semantics: should

the � -function demandthevalueof ��È , or � Õ , whenit is evaluated thefirst time?

Which of the values of � Õ doesit receive when the � -function is subsequently

evaluated? A token-baseddataflow interpretation fails as well: it is easyto see

thattokensfor �t� flow aroundtheloopbeforeflowing out at theend, but thetoken

for ��� seemsto be “used up” in thefirst iteration.

SSI+ introducesa � -function in the block of � -functions to clarify the loop

semantics.The left-handcolumnof Figure7.5 il lustrates thenatureof this func-

tion. The � -functionarbitrates loopiteration, andwill bedefinedpreciselyby the

operationalsemanticsof SSI+ form. For now notethatit relates iterationvariables

(the top tuple of theparameterand result vectors)to loop invariants(thebottom

tupleof thevectors).Wefollowedthestatementordering of SSI0 in thefigure, but

unlike SSI0, the statements of SSI+ could appear in any orderwithout affecting

their meaning—and so the statement labelL1 of the SSI0 representation and its

implicit control-flow edge areunnecessaryin SSI+.
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7.2 Defini tions

The signature characteristic of SSI+ arethe � -functions. These � -functions ex-

ist in the same places � -functionsdo, andcontrol loop iteration. The exact se-

manticsmay vary—thesectionsbelow presenttwo different valid semanticsfor a� -functions—but informally they canbeviewedas“time-warp” operators. They

takevaluesfrom the“past” (previousiterationsof theloopor loopinvariantsvalid

whenthe loop began)andprojecttheminto the “future” (the current loop itera-

tion).

There is at most one � -function per � -function block, and it always precedes

the � -functions.Constructionof � -functionstakesplacebeforetherenaming step

associatedwith SSI form, andthe � -functionsarethenrenamedin thesameman-

neras any otherdefinition. The top tupleof theconstructed� -function contains

the namesof all variables reachingthe guarded � -function via a backedge,and

the bottom tuple containsall variablesusedinside the guardedloop that arenot

mentionedin theheader’s � -function.

TheSSI+ form alsohastriggered constants. The time-orientedsemanticsof

SSI+ dictatethat eachconstant must be associatedwith a trigger specifying for

what times(cycles/loop iterations) the value of the constantis valid. Theseare

similar to theconstantgenerators in some dataflow machines [42]. The triggers

for aconstant � comefrom thevariablesdefinedin theearliestapplicable instruc-

tion post-dominated by the constant definition statement ����� . This is designed

to generate the triggeras soonas it is known that the constantdefinition state-

mentwill always execute. In practice it is necessaryto introducea bogus trigger

variable, �9� which is generatedat the STARTnodeand usedto triggerany con-

stants otherwisewithouta suitablegenerator. If theuseof theconstantdoesnot

post-dominatethe STARTnode, �^� will have to be threadedthrough � - and � -

functionsto reachthe earliestpost-dominatednode.
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7.3 Semantics

We wil l basethe operational semantics of SSI+ on a demand-driven dataflow

model.Wewill definebothacycle-oriented semanticsandanevent-drivenseman-

tics,which (incidentally) correspondto synchronousandasynchronoushardware

models.

Following the lead of Pingali [31], we present Plotkin-style semantics [33]

in which configurations are rewritten insteadof programs. The configurations

representprogramstateandtransitionscorrespondto stepsin programexecution.

The set of valid transitionsis generated from theprogram text.

Thesemantics operateover a li fted valuedomain V � Int � . Whensome vari-

able ���L� V we sayit is undefined; conversely�,�L� V indicatesthat thevariable

is defined. “Store” metavariables ��� are not explicitly handledby the semantics,

but theextension is trivial with anappropriateredefinition of thevaluedomain V.

Floating-point andother typesarealsotrivial extensions. Themetavariables � and� stand for elementsof V.

Wealsodefineadomainof variablenames, Nam �A�������w���/�/�y�1��� . Themetavari-

ables � and � standfor elementsin Nam, although � wil l bereservedfor naming

branchpredicates.

A fixed set of “built-in” operators,op, is defined,of type V �¡ V. If any

operator argument is � , the result is also � . Constants are implementedas a

special case of thegeneraloperator rule: anop producinga constant hasa single

triggerinput which doesnotaffect theoutput.

7.3.1 Cycle-oriented semantics

In thecycle-orientedsemantics,configurationsconsistof anenvironment, ¢ , which

mapsnamesin Namto values in V.

Definition 7.1.

1. An environment ¢�£ N ¡ V is a finite function—its domain N ¤ Nam

is finite. Thenotation ¢H¥ �§¦¡ �/¨ represents an environment identical to ¢
except for name� which is mapped to � .
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�©� op ªr�i�/�1�1�1�1�=�F«¬®£ ¢H¥ �B¨®�¯�R°Xªt¢±¥ �e��¨²�³�R°��´�1�/°*¢±¥ �?«µ¨²�¶��¬¢·¡ ¢±¥ �¸¦¡ op ª�¢±¥ �e��¨=�1�1�1�i�´¢H¥ �¹«º¨=¬r¨
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Figure7.6: Cycle-orientedtransition rulesfor SSI+.

2. Thenull environment¢Äô mapsevery �,õ N to � V.

3. A configuration consists of an environment. The initial configuration is¢ ô ¥ �9�A¡ É1¨ extended with mappings for procedure parameters. That is,

all namesin N are mappedto � V exceptfor thedefault constant trigger � �
mapped to 0,22 andanyprocedureparametersmapped to their properentry

values.

Figure 7.6 shows the cycle-orientedtransition rules for SSI+ form. The left

column consistsof definitionsand theright columnshows a precondition on top

of the line,anda transition below the line. If thedefinition in the left column is

presentin the SSI+ form andtheprecondition on top of the line is satisfied,then

thetransition shown below theline canbeperformed.

22Any ö©÷�ø V would do.
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Figure 7.7: Event-driven transition rules for SSI+. In the last two rules 3 is a
statement-identifier constantwhich is uniquefor eachsource � -function.

7.3.2 Event-dri vensemantics

In theevent-drivensemantics,configurationsconsistof aneventset andaninvari-

ant store. Theeventset 4 containsdefinitionsof theform �¸�¯� , and theinvariant

storeis a mapping from numbered � -functionsin the sourceSSI+ form to a set of

tuplesrepresentingsaved values for loop invariants.

Wedefinethefollowing domains:

5 Evt � Nam 6 V is theevent domain. An eventconsistsof aname-valuepair.

Themetavariable 7 stands for elementsof Evt.

5 Xif 8 Int is usedto number � -functionsin the source SSI+ form. There is

somemappingfunctionwhich relates� -functionsto uniqueelementsof Xif.

Themetavariable 3 standsfor anelementin Xif.

A formaldefinition of ourconfiguration domain is now possible:

Definition 7.2.
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1. Aneventset 4§£ Evt  . Thenotation 4 ¥ �¸�¯�´¨ representsaneventsetidentical

to 4 except that it contains the event
Á �µ�=�ºÂ . We say a name� is defined ifÁ �Ä���ÇÂ©õ94 for some � . For all

Á �e�/���H�=Â� Á �;:Ä� �<:´Â©õ=4 , �i� and �>: differ. This is

equivalent to sayingthat no name� is multiply definedin aneventset. This

constraint is enforcedby thetransition rules, not by thedefinition of 4 .

2. An invariant store �P£ Xif ¡ Evt  is a finite mapping from � -functions to

eventsets.

3. A configuration isa tuple
Á 4 �F�ðÂ\£ Evt   6Àª Xif ¡ Evt   ¬ consistingof anevent

setandan invariant store. Theinitial configuration for procedure parame-

ters ?¼���´�y�1�y�@?ß« mappedtonon-� values �U���´�1�´�i� �&« is
Á � �^�À�¯ÉU��?�©�R�U���´�1�1�i�@?ß« �½�9«9� Evt �i¥ ¨ Xi f A Evt B Â

that is, it consistsof anempty eventsetextendedwith eventsfor default con-

stant trigger �^� and theprocedure parameters, andan empty mapping for

theinvariant store.

Figure7.7 on thefacing pageshows theevent-driventransition rulesfor SSI+

form. Asbefore, theleft columnconsistsof definitionsandtherightcolumnshows

anoptionalprecondition above a line, anda transition. If thedefinition in theleft

column is presentin theSSI+ form andtheprecondition (if any) above theline is

satisfied,thenthe transition canbeperformed.Notethatmosttransitionsremove

someeventfrom theeventset 4 , replacingit with anew event. Theinvariantstore� storesthe valuesof loop invariants for regeneration ateach loop iteration.

7.4 Constru ction

Construction of SSI+ is only a slight variation on theconstructionalgorithmsfor

SSI0. First, dominatorandpost-dominator treesareproducedusingtheLengauer-

Tarjan[25] or Harel [16] algorithm. Thenodesof thedominator treearenumbered

in pre-ordersuchthat for all nodes C , num¥DC�¨FE num¥ idom ¥ C·¨!¨ . Then, in a

single traversalof the post-dominator tree, we find the lowest-numberednode

post-dominatedby any givennode. We add triggersto constantsfrom variables

defined at this lowestnodepost-dominatedby theconstantuse; using thedefault
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trigger �9� where necessary. We thenplace G - and � -functionsfor all variables,

includingconstant triggers, usingAlgorithm5.3.

Wethen generate� -functions.A standard interval analysiscreatesaloopnest-

ingtree,andeachloop isscannedfor invariantsand other definitions/usesto create

theproper � -function tuples.Renaming is doneusing Algorithm 5.4,asbefore.

7.5 Dataflow and control dependence

TheSSI+ semanticsaredata-driven,and thusbringto mindwork oncompilersfor

dataflow machines.Beck,Johnson,and Pingali havepreviouslywritten [6] on the

benefitsof dataflow-orientedintermediaterepresentations. However, theprevious

work on dataflow compilers (Traub[42], for example) hasconcentratedon intra-

loop dependencies,often leaving in pseudo-control-flow edgesto serialize non-

loopstructures.Thisstrategy results in thesortof fine-grainintra-loopparallelism

suitable for parallel dataflow machines,vector processors,andVLIW machines.

The current work concentrateson removing unnecessarydependenciesbe-

tweenloops, which allows a coarserparallelism which doesnot require asmany

functional units to take advantage of. Moreover, we extract parallel sequential

threadsthatarenot loop-based.Obviously bothfine-grainandcoarse-grain par-

allelism are important, but we feel the currentindustry trendstowardsloosely

coupledmultiprocessorssupportourcoarser-grained approachwhich has,to date,

seemingly beenneglected by dataflow approaches.

7.6 Hardwarecompilation.

Theobservantreadermayhavenoticedthat thetwo operationalsemanticsgivenin

section7.3closelyresemblecircuit implementationsfor theprogramaccordingto

synchronousandasynchronousdesignmethodologies.In fact, SSI+ wasdesigned

specifically to facilitate rendering a high-level program into hardware. The two

semanticsdif fer primarily onhow cyclic dependencies (i.e. loops)arehandled.

Translation of high-level languagesdirectly to hardware has long beena goal

of researchers.Tanaka et al. constructeda systembasedon FORTRAN [41], and
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Galloway’sC-basedhardwaredescription language[13] inspiredanew interest in

applying general-purposelanguagesto the task. The recentgeneraluseof type-

safeobject-orientedlanguageshasencouraged speculation that themorefavorable

analysis properties of thesestricter languageswould enablefurther advancesin

general-usehardwarecompilation. In thiscontext, thewell-definedsemanticsand

data-flow orientation of SSI+ solve thelocal-level hardware compilation problem

andallow effort to beconcentratedon themoredifficult intra-proceduralanalyses

required.

8 Methodology

TheSSI intermediate representationdescribed in this paperis thecoreIR for the

FLEX compiler infrastructureproject,started in July 1998andcurrently contain-

ing about 70,000linesof Java source code. The FLEX compiler reads in Java

bytecodes,and targetsboth the JVM (for high-level portablecode transforma-

tions) andseveral combinations of machinearchitectures andruntime systems.

Currently the bytecodeandARM processor backendsarenearcompletion. In-

terpreters exist for thevarious intermediaterepresentationsusedin thecompiler,

allowing thecorrectnessof theearlier passes of the compiler to beverified. The

compiler will correctly compile itself to IR andinterpret itself.

TheFLEX compiler implementsthealgorithmsdescribedin this paper, vali-

dating their correctness.Variablecounting for the graphsof section 5.4wasdone

by aspecialstatistics module thatcouldbeapplied to theresults of any pass. The

full bitwidth-extendedSPTCconstantpropagation algorithm was implemented,

although we currently do not use the bitwidth information produced. SSI+ and

hardwarecompilation arethefocusof currentwork.

9 Conclusions

TheStatic Single Information form extends SSAwithout adding unneededcom-

plexity to allow efficient predicated analysis and backward dataflow analyses.
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Futher, theSSI+ variantremovesall explicit control-dependencerelations,allow-

ingextraction of parallelismfrom thecode,and possessesacompleteandstraight-

forwardsemantics which makesit usefulfor, amongotherthings, abstractinter-

pretationandhardwarecompilation.

We have demonstratedefficient construction of SSI form, and several opti-

mizations whichuseit to obtain efficiency improvementsover previous methods.

The many SSA-variant papersin the literatureattest to limitations of standard

SSA form; webelieveSSIform solvestheseproblems in asimpleand symmetric

manner. The FLEX compiler infrastructure demonstratesthe practicality of SSI

form.
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